Autorzy: Szemek, mariuszm http://www.matematyka.pl/82336.htm

Analiza matematyczna w zadaniach, t. 1,
W. Krysicki, L. Wlodarski - rozwigzania

Calki nieoznaczone. Calkowanie przez podstawienie i catkowanie przez czesci.
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Calki funkcji wymiernych.
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Calki funkcji niewymiernych. Calki funkcji zawierajacych pierwiastki z wy-

razenia liniowego.
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Calki funkcji zawierajacych pierwiastek kwadratowy z tréjmianu kwadrato-

wego
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Calki funkcji trygonometrycznych.
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Calki funkcji cyklometrycznych.

2 xarctana:dx
18.91 /7arcsinxdx 18.102 /
V1—a?
arcsin
18.92 18.103 x° arctan zdx
V( 1 — x2 /
18.93 /1 arctana:dx 18.104 / arctane2
l'
18.94 / dx arcsil—;dex
' (1 4+ 922)v/arctan 3z 18.105 /
dzx
18.95 arcsin e*
/ (1 4+ 422)(arctan 2x)? 18.106 /
(arctan z)?
18.96 /Wdaf 18.107 / arctan xdx
18.97 \/701;10 18.108 / (2x 4 3) arccos(2x — 3)dx
1 — zZarccos? x ’
18.98 arctanx
V1 — z2 arcsinx 18.109 / V1422
x arctan rdx
18.99 /(1_~_%2)2 18.110 / 1 — 22 arcsin zdx
inxd
18.100 /W 18.111 /x(l +zx )arctanxdx
—x 2
2
18.101 /:):arcsin:):dx 18.112 /arcsin ﬁdw
1+«
Calki funkcji wykladniczych i logarytmicznych.
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15 Calki nieoznaczone. Calkowanie przez podstawienie i catko-
wanie przez czesci.
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Podstawowe prawa catkowania i wzory na calki funkcji elementarnych:
Calka z iloczynu funkcji przez stala:
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t=a+bcosx
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—%dt =sinx dx

15.49

1 [dt

1 1
; 7:_5111|7§|-|—C':—Bln|a—i—bcosx|—|—0

/COS"E . 6Sll’liL‘ — esmx +C

/ fl@)- /@ = @ 4 ¢

15.50
t =t
3d 1 [ dt 1 1
/g: dt = 423dx :—/7:ftant+C:ftanx4+C
cos? 4 1y 3 4 ) cos®t 4 4
7dt = z°dx
15.51
t = 1 1
/ﬂzx = ; _tagf :/tdt:ft2+C:—tan2x+C
cos™.x 75_0052z 2 2
15.52
22dx t=a’H 10y 1
cos?(x3 + 1) %dt:.%le' Cos
15.53
(Inz)? _tzlnx_/2 13 1 3
/ . dx = dt = x| = tdt—gt +C—§(ln$) +C
15.54
dx evdx t=e" dt .
/ex+€_x _/625'3—1—1 = |4t = o%ds _/m—arctant—i—C—arc‘can(e )+C
15.55
=2e*+1
rd 1 rdt 1 1
2€x xl = |dt = 2e*dzx :5/7:§ln]tl+C:§1n\26x+1\+C
e+ %dt:exd:c
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15.56
t=1+a° —Int do=di| 1

/xln(l + 2%)de = |dt = 2zdzx| = /lnt dt = iy = (tlnt - /dt) =
1 - v=t 2
5dt = zdx

1 1 1 1 1 1
= Etlnt— §t+C’: 5(1+x2)ln(1—|—x2) — 5(1—1—332)—1—02 5(14—.%2)111(14-1‘2) - 51‘2—1—(}’

Uwaga liczbe — Wl@czono do statej calkowania

Wzér catkowania przez czesci:

/udv:uv—/vdu

15.57
V2+1 = 2 2
/7+ njal gy, _ [t=2+al /t Sdt = 213 +C = 22+ 1Inz))? +
x dt = 3 3
15.58
= 61790
[ “do = |dt = —d:n: [odt=— T v0=-2 40
In6
15.59
/ t—ln|33| —/ dt > =arcsint + C' = arcsin(In |z|) + C
e =
15.60
1 = =
/ n|arctana:|d:n_ t arctanaz /1ntdt lndf dv = dt :tlnt—/dt:
1+ 2 1+12 t v=t
=tlnt —t+ C = arctan x[ln(arctan x)—1]+C
/1n\:v| de =z(Injz| - 1)+ C
15.61
) x€x2+1(x2 +1) t=a?+1 1
/mem (22 + 1)dz = / ——————~dr = |dt = 2zdx| = —/tetdt =
& 1 &
s5dt = xzdx

2
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_|ju=t dv=ddif_ 1/, ¢ _ Lo 2241 _ a4l _
T ldu=dt v=¢ —%(te—/edt>+o_2€(($ +1)e” 7 —e )+C_
1
251“26362—1-0
15.62

2 3

redx t==x 1 dt 1 ' 1 .
/m: %dt:xle‘ :3/m:3arcsmt+0—3arcsm(az)+C
15.63

t = arctanx

_ dx
dt — 1+$2

dt
:/f:ln\t\—i—C:ln]arctanw\—i-C

/ dz B
(1+ z2)arctanz t

15.64
(m — arcsin x)dx t = arcsinx / 1,
= = |[(m—-tdt=7mt—=t*+C =
/ V1= dt = 72 =t 2

= marcsinx — 3 arcsin®z + C

15.65

zdzr t = 2 1 dt 1 1 9
/:L‘4—|—1 N |%dt:$d1: N i/m N iarctant+0_ §arctan(:p )+C
15.66

1 1 1
/x4(1 +2)3dx = /(364 + 325 + 32% + 2")dx = ng’ + 5:]56 + ;aﬁ + gxs +C

u=x dv=e%dx
du = dx v=¢e"

u = 2 dv = e*dx
du = 2xdx v =¢e"

/J:Qexda: =

= 22" —2$6x—|—2/ewd:c:33269”—23:6"”—{—26954—0:em(x2—2a:—i—2)+0

= 2%e® — Q/xexd:c =

15.68

/ r3etdr =

= 23e® — 32%e" + G/xezdm =

u =2 dv = e*dx
du = 2xdx v=¢e"

u=a3 dv = e*dx
du = 3x2dz v=¢e"

= g3e” —3/1‘2696 =

u=x dv=e%dx
du = dx v=¢e*

= 23e® — 326" + 6xe” — 6/exd:c =

= 23 — 32%e” + 6ze” — 6 + C = e%(a3 — 32° 4 62 — 6) + C
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15.69
4 2z 3 2x

42, | u==w dv = e*dx 14 /3%_ u=x dv = e“*dzx
/xe de = du=4da3de v = 4e*® 9 -2 du=3a%dx v =4e*
L 4o 2 / 2,20 _ u=2z* dv=e*dx|
e 3 du = 2zdzx ’U—%GQI -
a0 232t 2z U=z dv—e%dx_
=5ae +a:e 3/:L'€ dm_du:dm v—;ezx =
:1$462x_l_362x+§x262$_ 2$+ /2de—

2 2

1 3
:§x462x_x362x+§x2621_2 214—46214-0:

1 3 3 3

- (2“"54“’“’*2@’2 2””4)*0

1
/ea:"d:n = ge‘w + C, gdzie a # 0

15.70
/ u=x dv=cosxdx
x cos xdx = .
du = dx v =sinx
15.71
/xzcosxdm— u = x> dv = coszdx
T |ldu=2xdxr v=sinzx
|u==x dv:sinxdac_xz
Cldu=dr wv=—cosx|
= z?sinx + 2z cosx — 2sinz + C

::csinm—/sina:dx =zxsinz + cosx + C

= 2?sinx — 2/$sinxdx =

sinz + 2x cosx — 2/Cosa:dw =

15.72
2 .
2 . | u==x dv =sindxdr| 1 , 2/ _
/x sm5xd:c_‘d = 2xdx v——%cos5a: 5$ cos5x+5 T CosHT =
u=2x dv=cosbx 1, 2 2 )
=gy — de v — %sin5x = —51’ cosbx + %xsm&v % sin bxdx =
1 2 2
= —gacz cosbx + %x sin bx + 15 cosbr +C
1 . .
/cosaxdm = —sinax + C, gdzie a # 0
a
1
/Sina:cda: = ——cosax + C, gdzie a # 0
a
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15.73
x
u=-e dv = cos xdx . .
e’ cosxdr = - . =e’sine — [ e"sinzder 4+ C =
du=e*dx v =sinz
x .
u=-ce dv = sinx .
= - =e’sina + e cosx — [ e” cosxdr + C
du =e*dr v= —cosz

/excosxdx:e‘”sinx—ke‘”cosa:—/excosxdx—FC
2/excosxdx:ex(sinx—i-cosx)—i-C

1
/ex cosxdr = iex(sinx +cosz) + C

15.74
™ .
—9 o u=e dv=sindzdz| 1 _5, _ 2/ o B
/e sm3a:-‘du__2€2xdx v:—%cos?)x =—3¢ cos 3z 3/ ¢ cos3zdr + C' =
—2x
u=-e dv = cos 3zdx 1 _ 2 5. . 4 “op .
=gy = —9e-22 4 — %sin?)x = _§€ 2% cos 31 — §e 2% gin 3 — 5/6 2% gin 3zdx + C

1 2 4
/6_27” sin 3zdzr = —ge_% cos 3T — 56_2I sin 3z — g / e 2 sin 3xdr + C

13 1 2
— [ e ®®sin3xdr = ——e *cos3z — e sin3z + C
9 3 9
3 2
/67233 sin 3xdr = —Ee*% cos 3x — 1*367233 sin3x + C
15.75
- 2 | u=e€T dvzcos(%x)dw_gz. 2 _3/33. 2 _
/e cos(zw)dr = du=ctde v=3sin(2z) |~ 5¢ sin(5x) 5 /¢ sin(sz)dr +C =
u=e" dv=sin(2z)dx| 3 , . 9 9
=y — e 3 C(C?S()Qx) = 56’” sm(%x) + Ze’” cos(%x) — Z/e“ cos(%x) +C
= =72 3
T 2 dr = 3 T : 2 9 x 2 9 x 2 C
e’ cos(5x)dx = 3¢ sin(5z) + 1€ cos(5w) — 1/ cos(5r) +
13 , 3. .9 )
Y e’ cos(3x)dr = iex sin(5x) + Zex cos(3z) +C
6 9
/eiE cos(3z)dx = —e”sin(3z) + ——e” cos(3z) + C
13 13
15.76
=1 dv = /xd 2 2 2 4
/\/Elnxd:v = ;Lu :n(g Z:\g/fgx = gzc% Inx — g/ﬂ:%da@%—C = gx% Inx — §x% +C

15.77

=1n3 dv=d
/(1n:r|)3da::‘ u=lnle]  dv=ds

31n?
du:nde:z V=2

=zln?|z| —3/ln2|$ldaz+C’:
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w=In?z] dv=dz

u=1In|z| dv=dz
_ 2ln|z| . =
==——dx wv=x

du:‘i—x U=z

= z1n?|z| — 3z 1n? |z| —|—6/1n|m]da:+C’:

= z1n® |z| — 3z 1n? |z| + 621n |z| —6/da:+C’::L‘1n3 2| — 32 1n?|z| + 62 1n|z| — 62 4 C

15.78
(In |z|)? u=In%lz] dv=ax""dx In? |z| l/ln\x]
_— = = —— - 7d C:
/ x5 d du:%‘x'da} vz—%x“" It 2 5
u=1Inl|z| dv=a" dr ln2\a:| In |z dx In? |z| Iz 1
= dz 1.—4| = "4 / +C=—-—7 4 it¢
du =% v=—3zx 4t 8m4 8 4x 8zt 32
15.79
3
3 u=I"lz| dv=yrdr| 2 s 5 / 9 B
/\fln]x] dm—‘d 31n;‘x|d vz%x% —3m21n lz| —2 [ Valn®|z|+C =
u:1n2|x\ dv = Jxdzx 2 3 o 4 3 4 8
= ‘du: 21r;|x‘dx Y §x§ :gcmln |x\—§x2ln ]a:\—i-g/\/flnmldx—i-C:
u=In|z| dv—fdx 2%13‘| 4312||+16 %1|’ 16/\fd s
= =—z2ln’|z| — —z2In’|z|+ —zz2ln|z| — — zdx =
du:d?z v = SZ,UQ 3 3 9 9
2 4 16 32
= gx% In? |z| — ga:i In? x| + 5:6% In|z| — 2—733% +C
15.80
Injz| . ju=llz| dv=a2"%z| Inlz] 1 [dux _ Injz| 1
| = du=" = 1578 = "3 v O= s gt
15.81
(Inx)? u=1Im*t dv=dt|
/\/5 dr = th Z/lnt 8/lntdt %dt I
:8tln2t—16/lntdt: u=lnt dv=dt :8tln2t—16tlnt+16/dt—|—0:
du=% wv=t
=8tIn®t — 16tInt + 16t + C = 8y/z In*(Vz) — 16v/zIn(v/z) + 16V + C =
=2yzln?z —8/zlnz + 16z + C
15.82
/xS(lnx)Qd:C w=Ite do=atde 1ac41n x — 1/3:3 Inzdr +C =
du-21;“dx v= 1zt 4 2 B
u=Inz dv=az3dr| 1 1 1 1 1
:du:df o= Lot 43041n T = g% e+ / 3dx+C’—Zac In? T = g% lnx+§x +C
15.83
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/x”lnx dr,n # —1

u=Inz dv=az"dx I
= = x —
du=% v=qa™ T nl
1 n+1 n+1 i
— o _ z —
n+1 (n+1)2 n+1

16 Calki funkcji wymiernych.

16.26
/(2:c+1)3d = tl_t2x+1 2/t3dt t4+C’—8(2x+1)4+C
§
16.27
dx t—3$*2 4 _3 1
— = 17 %dt = t C=——Fr——==+C
/(3x—2)4 tdt = 3/ * 9(3$_2)3+
16.28
3z —4
rozklad na utamki proste:
3v—4 3r—4 _ A n B
2—z-6 (z-3)(x+2) -3 x+2
3z —4=A(x+2)+ B(z —3)
3r—4=(A+ B)x+ (2A—-3B)
A+B=3
2A—-3B=-4
A=1
B =
2d
—/ / ‘ =lnlz—-3|+2Inlz+2|+C
-3 +2
16.29
2
/%dw—lnm -3z +3|+C
/
P g0 = | p(a)] + €
I8 matematyka.pl iz,
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16.30

/ r+13 d
— —dr=...
x2—4x -5

rozklad na utamki proste:

x+ 13 r+13 A B
= = —|—
22 —4x -5 (x—=5)(zx+1) x-5 x+1
r+13=A(x+1)+ B(x - 5)
r+13=(A+B)z+ (A—-5B)

A+B=1
A—-5B =13
A=3
B=—2
d —2d
..:/Sx—i—/ x:3ln\$—5\—21n]m+1]—|—0
=5 z+1
16.31

/ 2x + 6
2x2+3x+1

rozklad na utamki proste:

2¢+6 2z +6 A B
243041 (QedD(@+1) 2041 w2+l
2e+6=A(x+1)+ B2z +1)
2r+6=(A+2B)z+ (A+ B)

A+2B =2
o

A=10
B=-4

10 —4
o= dx—i—/ dr =5ln2x 4+ 1| —4lnjz+ 1|+ C
2z +1 x+1

d
/ < ln|a:13+b|+C gdzie a # 0
ax+b a

16.32

6x — 13 122 — 26 122 — 26
[t de= [ e | iz = ...
a2 — Iz +3 202 — T+ 3 (2x — 1)(z — 3)
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rozklad na utamki proste:

12z — 26 _ A n B
2z —1)(z—3) 2z2—-1 z-3

120 — 26 = A(x — 3) + B(2z — 1)

122 — 26 = (A+2B)x + (—3A — B)
A+2B=12

{—3A—B: 26

{A:8

B=2
8 2
:/ d:L‘—I—/ dr =4In |2z — 1|+ 2In|z — 3|+ C

20 — 1 x—3
16.33

4r —5 (222 — 5z + 3)/ 9
T = [ T e 222 — 52 43|+ O
222 —br+3 " /2m2—5x+3 v =In|22" -5z + 3| +

16.34

/ 5z + 11 dm_/ Sr 1l
2432z —-10 ) (x+5)(x—-2)

rozklad na utamki proste:

o4l _ A B
(x+5)(x—2) z4+5 z-2
S+ 11 = A(x — 2) + B(z + 5)

5c+11=(A+ B)x + (—2A +5B)

A+B=5
244 5B =11
A=2
B=3
/ 2 d+/ S e —2ln|z+5|+3ln|e—2|+C
— €r = n|r n|\r —
:L'—|—5x T —2
16.35

5 5
—dr= | —2>———dx=...
/:z:2+3:z:—18 * (x +6)(z —3) v

rozklad na utamki proste:

Sz —16 A B
(x+6)(x—3) x+6 x—-3
)

ém—IGEA(w—?))—i-B(x—i-G)
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x—16=(A+ B)x + (—3A+6B)

z - 7 3
”:/ 3 6dx+/x_23d$:§1n|x+6|—§ln\az—3|+0

16.36

/ dz _/ dx _/ dr _
2242 -1 ) (@+12-2 ) @+1+v2)x+1-v2)
rozklad na utamki proste:

1 A B

1+\f)(1i+1—\/§):l‘+1+\/§+l‘+1—\/§
EA(ZL‘—Fl—\[)—FB(iL‘—Fl—F\/Q)
= (A+ B)z + [A(1 — V2) + B(1 +V?2)]

A=—31s
B:L
1
= =
x+1+f r4+1-1/2
1 r+1—+2
———=hnfz+1+v2[+ —=h|z+1-v2[+C=—=1 +C
szl 20+ e A+ 0= 5" e
16.37

T _/ dx -
622 —132+6 J 3z —2)(2zx—3)

rozklad na utamki proste:

A B
3z — )(2x— ):3x—2+2$—3
1= A2z —3)+ B(3z — 2)
1= (24+3B) 4 (34 — 2B)
24+ 3B =0
{ 3A—2B=1
A=—3
-
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_3 2 1 1

T ) 32 -2 27 — 3
16.38

5+ (10 + 22) 1 9

B N Y B b Mgt PO FETO) C
10x+x2x 10z + 22 v 2n] ot +
16.39

Tz L .10z 7
_ " g = [ 10 dr = —1Inl|4 + 52%| + C
/4+5x2x 4520 = gl + 5T+

16.40

/ dx _/ dx —lln
546z —22 J 22— (z-3)2 4

/ dz 11
R
a?—2x2 2a

2+ (z—3)
2—(x—3)

+c

a—+x
a—x

+C,dlaa>0A|x|#a

16.41

/ dzx B / dzx B / dzx B / dx B
_— = —_— = — 175—— — — e
1+ 2 — a2 22 —x—1 (z—3)2-2 (& — L505) (z — 1=3/5)

rozklad na utamki proste:

1 _
o [/ﬁdﬁ/wdm N B T
$_1+\/5 :L‘—l_\/5 \/5

16.42

/ dz _/ dz _
2¢v — 322 ) x(2-3x)
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rozklad na utamki proste:
1 A B
_— = — + -
r(2—-3x) =z 2-3x
1=A(2-3xz)+ Bz
1=(-3A+B)x+24A
—-3A+B=0
2A=1

#

\ pojCo NI

%dx—l—/ : dx:}ln\az|—lln|2—3x|+0
T 2—-3z 2 2

16.43

/ 3z + 2 dm—/ 3z + 2 do —
2—z—-2" ) (z+D(x-2) " 7

rozklad na utamki proste:

3z + 2 A B
(x+1)(z —2) w+1+af—2
3x+2=Ax—2)+ B(z+1)
3xr+2=(A+ B)x+ (—2A+ B)

A+B=3
{—QA—I—B:Q

1 8
1 8 1 8
__:/ 3 dg;+/ 32dx:§ln|x+1|+§ln\x—2|+c

16.44

2z — 1 20 — 6+ 5 (22 — 62 +9) / 5
TR ge= [ XTI g [T 2y
/x2—6x—i-9$ /m2—6:n~|—9$ / 22 —6x+9 v (33—3)2:6

5
Injz? —6x+9 — —— +C
r—3

16.45
x—1 t(4a? —dx+1) -1 1 9 1/ dx

dr = -Inlda? — 4z +1|— = [ —

/4;1:2 pr / W dpr1 =gl —det =g 5o

1 -1 1 1

"2 12— - 4 C=-ln2z— 1|+ +C

8n’(x RS oy S T P D

16.46
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/(23:?6__51)32%6—/2(26%__5;);3algv—/wig)dalt—/(lﬂ_sf))2

3
2ln|x — 5|+ —— +C
r—95

16.47

5
3njz+2|+ ——+C
T+ 2

16.48

/ dx _1/ dx —1arctan(2x_1> e
202 -2z +5 2J (z-12+(3)2 3 3

d 1
/izfarctanf—}-C, gdzie a # 0
z24+a?2 a a

16.49

/ dx _1/ dx —iarctan <3x+1) Lc
322 +2r+1 3 <m+%)2+(J)2_ﬁ V2

16.50
/ dx / dx 1 ) (x—3>+c
= = —arctan | ——

13 — 6z + 22 (x—3)24+22 2 2
16.51
/ 3dx _/ 3dx _t:Sx—l_/ dt

922 —6x+2 J Bx—1)2+1 |dt=3dx| J t2+1
arctant + C' = arctan(3z — 1) + C
16.52

x+1 L@ —z+1)+3 1 3 dx

———dr = [ 2 2dr = —In|z? — 1 7/

/xQ—x—i—l v / 22 —x+1 v 2n|x v ‘+2 (:1:—%)2—(§V

1 2x —1
i e | +\/§arctan< )+C

16.53
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/ 4o —1 J /(23:2—233+1)’+1
T =
222 —2x +1 2x2 —2x+1

In |22% — 22 + 1| + arctan(2z — 1) + C

1
dx:ln|2:v2—2:v—|—1|+f/ T
2) (x—3

16.54

In |2* —2x+5|+1arctan< 5 1) +C

16.55

[t = [ R =it e s

8 -1
In |z? — 22 + 10| — 3 arctan (mg) +C

16.56
2z — 20 (x2—8x+25)’—12

——————dxr = =1 -8 25 —12/7

/ —8r 425 / 22— 8z + 25 njo® — 82 +25 — 1)+ 32
—4
In |z? — 8z + 25| — 4 arctan <$3> +C
16.57
3r+4 (2% + 4z +8) -2 dx

—————dz = | 2 dx 1 4 8—2/
/x2+4m+8 v / 2?2+ 4z + 8 nlz’ + 4z +8| )2 422
3 2
§ln]m2 + 4x + 8| — arctan (i) +C
16.58

x4 6 2(z?—3) +6 1
/ d:c:/Q—dx:fln| 2

x?2 -3 x? -3 2
1 dzx 1 \f—i-x
“In|z? -3 — /7271 2_3 In C
2n]:n 3| —6 g 2n|x |- V3 3= +
16.59

z+6 (2?2 +3)+6 1., T
/x2+3d$:/wd$:§1n|$ +3]+2\/§arctan(\/§>+c
16.60
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6z 3(x? + 4z +13) — 12 dx
— _dx = =31 4 13—12/
/x2—|—4x—|—13x / 2% + 4z + 13 nfa® 4 o+ 13) )2 + 32
2
31n]z2+4x+13|4arctan(x;_ )+C
16.61
10z — 44 5(x2 — 4x + 20) — 24 5 dx
—— _dz= de=5In|2> — 4z +20[ —24 [ ——— ——
/2—4x+20m / 7 dpy20 0= onfe” —dw 420 /(:1:—2)2+42
-2
51n |22 —4a:+20|—6arctan( 1 )+C
16.62
4 — 5 2(x? — 62 + 10) +
- _dz= T e = 21n |22 — 62 + 10| + 7
/x2—6x+10$ / pea T A g |+/ B

21In |2? — 62 + 10| + Tarctan(z — 3) + C

16.63

5 10
53z +2) — L 1
o dm:/wdmzf)x—;ln]i%m—i—m—i—c

24 3z 3z + 2 3
16.64
/ z? /x+5 5112 du
de = = - —
5a2 412 5 a:2+152 5 2\[
1 6 /5 ¢ x\/g L
—L — ——A\/ D arctan | —A/ =
5° 25V 3 2V 3
16.65
/2x2+7x+20 /2(m2+6x+25)—5x—30d ) /g(x2+6x+25)’+15d
22 + 6z + 25 22 + 6z + 25 22 + 6z + 25
d

1
=2x — ;ln|:c +6x+25\—5arctan< 1—3> +C

16.66

de = ...

/ T2 4+ 7x — 176 / Te2 4 7x — 176
;U:
z3 — 922 + 6z + 56 (x+2)(x—4)(x—7)
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rozklad na utamki proste:

22+ Tx—-176 A B C
(x+2)(z—4)(x—T) :x+2+x—4+:c—7
T2* + 72— 176 = A(x —4)(z = 7) + B(z + 2)(z — 7) + C(z + 2)(x — 4)
T2? + 72 — 176 = (A + B+ O)z® + (114 — 5B — 2C)x + (284 — 14B — 8C)
A+B+C=7
—11A-5B—-2C =7
28A — 14B — 8C = —176
A=—
B=2

—/ +2d:n~|—/ _4dﬂc+/ " do

—3In|z+ 2|+ 2In|jz — 4|+ 8lnjz - 7|+ C

16.67

/x3—4x2—|—1
—  dx=...
(z —2)*

rozklad na utamki proste:

23— 4x? +1 A B C D
/ @—28 -2 @-22 (w—2p "@-27
23— 42’ +1=Alx-23+Bz—-2)°+C(z—2)+D
2 — 4% +1= Az + (—6A + B)a? + (1242 — 4B + C)x + (—8A + 4B — 2C + D)
A=1
—6A+B =~
12A—4B+C =0
—8A+4B—-2C+D=1

A=1
B =2
C=-4

_/a:—Z/ d+/ —2d+/ —2

2
—ln|x—2|—x_2—|—(x_2) +3(x_2) +C

16.68

21 3)(z—2) "~

/ 322 — 5r + 2 _/ 322 — 5x + 2
a3 —222+3x -6 J (
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rozklad na utamki proste:

322 — 5z +2 :Aa:+B+ C
(22 4+3)(x—2) 2243  x—2
322 —5r + 2= (Azr + B)(z — 2) + C(2* + 3)

322 —5r +2 = (A+ C)2* + (-2A + B)z + (—2B + 30)

A+C=3
—2A+B=-5
—2B+3C =2
_ 17
A==

1
B:—7

4
027

17 1 4
_ (7=, /7 1T e g LA A
' /:g2+3 L B S vELL AR il et ]
1T, 1 (x) 4

+3|— —=arctan| —= | +=Inlz - 2|+ C

16.69
2¢ + 1 2x dx
T e = [ 24 e
/(Jc2+1)2 v /(x2—|—1)2 m+/(x2+1)2
1 2

1)

2 t=x24+1 9 1 1
/(m2+1)2dx_ dt = 2zdx _/t dt——¥+0_—x2+1+0
2)
/ dx _/x +1—a¢ _/ / 2 o
(2 +1)2 ) (2241)2 22 +1 (22 +1)277
w=x dv= 2=, 1 d
= arctanz — du — d B (IQJEI)Q :arctanm++——/ 2x =
U=dr U= —5may 2(z2+1) 2/ 2?2 +1
1 T
:Qarctan$+m+c
! +1 t + ° +C o2 —|—1 tanx + C
..=———— 4+ —arctanz + ——— = —arc
2+1 2 2(x2 +1) 222 +1) 2

16.70

22—z -2 2
1,

+ +/ r—4
— 9 2 —x—2

/x3—|—2x—6d /x(xQ—x—2)+x2—|—4x—6d$_ 1w2+/(x2—x—2)+5x—4

x? — 1z —2 22—z —2

rozklad na utamki proste:

o-4 _ A B
2—xz—2 x+1 x-2

matematyka.pl-::::

28 EEEEEEEEER :.::I

dr =


http://www.matematyka.pl/82336.htm

Autorzy: Szemek, mariuszm http://www.matematyka.pl/82336.htm

bx —4=Ax—2)+ B(z+1)
b5 —4=(A+ B)r+ (—2A+ B)

A+B=5
—2A+B=-4
A=3
B =2
3d 2dx 1
a: +x —1—/ i / Lo >+ +3njz+1|+2njz -2+ C
T —2 — o
16.71

/2353—19372—1—5896—42 /Qxx —8x+16)—3x2+26x—42d

2 — 8z + 16 2 8z + 16
—3(z% — 8z 4+ 16) + 2z + 6 — 8z + 16) + 14
:x2+/ (x T+ )+x+d_x_3+/x a:+)+ dr —
x2 — 8x + 16 4)2
14
= 12 —3;U+21n|$—4|—74+C
16.72
zt (22— 1) (2?2 +1) +1
dx = dx —1)d
/x2+1 v / 2 +1 /x x+/ 22+l
1
:§x3—x+arctanx—|—0
16.73
2 2(9,.2 _ 2
7225 /243: (3z° +2) 483: /243:4d:c /16:p (3x° +2) — 32z _
3x2+2 3x2 42 3x2 +2
32
(322 +2) — 24 16 32 64 dx
162:2d / d 5_ 03 924 02 _4r
/ x dx + 322 1 2 5.7: 3x+3x 9 $2+%
24 16 32 32 /2 3
:€x5—?x3+§m—§ garctan <£L‘\/;)+C
16.74
/2x4—10m3+21x2—20x+5d /230 (z? —3:c+2)—4x + 1722 — 20245
€r = =
—3x+2 2_3rx+2
2 5 —4x(x? —3x+2)+5x — 122 +5
+/ dr =
2 _3z+2
-2 der=—-x°>—2 5 ————dr = ...
x—i—/ 22 — 32+ 2 T 3" Toort 2 —3r42°°
rozklad na utamki proste:
3xr—5 A B

x2—3x+2:x—1+x—2
3r—5=A(x—2)+ B(z—1)
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3r —5=(A+ B)z+ (—2A — B)

A+B=3
—2A—-B=-5

A=2
B=1

2 2d d
..:f:r:3—2a:2+5a:+/ x+/ m

3 r—1 -2

2
:§m3—2m2+5m+21n|x—1|—|—1n|:17—2]+C’

16.75

/ x? + 5z + 41 .
(z+3)(z —1)(z — 3)
rozklad na utamki proste:

2

5 41 A B C
x° + dx + _ i n
zr+3 x—1 x-—

(@+3)(z-1)(z—3)
1 1

x2—|—5x+415A(m—1)(;U—§)+B(;U—|—3)(:U—§)+C(x+3)(x—1)

x2+5x+415(A+B—|—C):v2+(—gA+gB+20)x+(%A—gB—?)C)

1
2

A+B+C=1
—3A+4+5B+4C =10
A—-3B—-6C =82

_ 5
A=3
_ 47
B=7%
C=-25

5 i —25
:/ 2 da:+/ 2 d$+/ 1dx:
r+3 z—1 T— 5

5 47 1
:§ln]3:+3\+?1n\x—l\—25111\:6—5\—1-0

16.76

/ 172% — 2 — 26 o —
@ - D@9

rozklad na utamki proste:
172% — 2 — 26 A B C D
(2 —1)(22 —4) Ex+1+x—1+x+2+x—2
1722 —2-26= Az — D)z =4+ B+ 1) (2> —4) + C(2? = 1)(z — 2) + D(2® — 1)(z + 2)
A+B+C+D=0
—A+B-2C+2D =17
—4A—-4B—-C—-D=-1
4A — 4B +2C — 2D = —26
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5
/ dm+/ 3 da:—i—/
x+1

:—71n|x+1|—|—fln|x—1|—?ln|x+2|—|—?ln|x—2|—|—0

16.77

/ 2e de = ...
(2% +1)(2% + 3)
rozklad na utamki proste:
2x _Az+B Cx+D
(22 +1)(22+3) 2241 ' 22+3
2¢ = (Az + B)(2® + 3) + (Cx + D) (2% + 1)
2z = (A+C)a + (B + D)z’ 4+ (3A+ C)x + (3B + D)
A+C=0
B+D=0
3A+C =2
3B+D=0

A=1

B=0

C=—
D=

zdx zdxr
L= — | 1—71 3|+ C
/$2+1 /m2+3 2n\:v+ | n |z + 3| +

16.78

de = ...

1023 + 110z + 400
/( — 4z +29)(22 — 22 + 5)
rozklad na utamki proste:
1023 + 110z + 400 Az +B Czx+D

(22 — 4o +29)(22 — 22 +5) a2 —4x+29 22-2x+5
1023 + 110z 4 400 = (Az + B)(2? — 22 + 5) + (Cz + D)(2* — 4z + 29)

A+C=10
—2A4+B-4C+D =0
5A —-2B+29C' —4D =110
5B + 29D = 400
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A=4
B =22
C=6
D =10

4z + 22 6z + 10
_/xQ 4z +29 +/:1:2—2:1:+5dx_
_/ x? —433+29) +30dm /3(332—293+5)’+16
(x —2)2+52 (x —1)2+22

-1
= 21In |2* 4:L“+29|+6arctan(x5 )+31n|1: 2x+5|+8arctan<x2 >+C

16.79

de = ...

/4x3—2x2+6x—13d _/4x3—2x2+6a}—13
xt+ 322 — 4 B (22 +4)(22 - 1)

rozklad na utamki proste:

423 — 222 + 6 —13 _ Ax+ B C D

(22 +4)(22—-1) ~ 2244 +x+1+az—1

4o — 222 + 62 — 13 = (Az + B)(2® — 1) + C(z? + 4)(z — 1) + D(2* + 4)(z + 1)

4o — 22 + 62 —13=(A+C + D)2* + (B~ C + D)a* + (~A+4C +4D)x + (—B — 4C + 4D)
A+C+D =4

B-C+D=-—

—A+4C+4D =6

—B —4C +4D = —-13

Il
ot = N

1

Q=
I

/2x+1 / 2 +/—§
244 r+1 r—1

1 ) 1
= In|2? —|—4|+2arctan<§>—|—2ln|x—|—1|—21n|x—l|—|—0

16.80

/ 1023 + 4022 + 40z + 6
x4 + 623 + 1122 + 62

rozklad na utamki proste:

10x3+40x2+40x+6_é+ B N C N D
x4+ 623+ 1122 +62x = z+1 z4+2 x+3

1023 + 4022 + 40z + 6 = A(z + 1)(x + 2)(z + 3) 4+ Bz(z + 2)(z + 3) + Cz(z + 1)(z + 3) + Da(z + 1)(z + 2)
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1023 + 402 + 402 + 6 = (A+ B+ C + D)2 + (6A + 5B +4C + 3D)2? + (11A + 6B + 3C + 2D)x + 6A

A+B+C+D =10
6A+5B+4C +3D =40
11A+4+6B +3C + 2D =40
6A =06

A=1
B=2
Cc=3
D=
dx 2dx 3dzx 4dx
_/ /x—l—l /x+2+/m:

=In|z|+2Injz+ 1| +3njz+2|+4lnjz+ 3|+ C

16.81

/6x3+4x+1

dr = ...
xt 4+ 22

rozklad na utamki proste:

62°+4x+1 A B Cx+D
A +2 T r 22 2?41
62° + 4z + 1= A(z® + 2) + B(2? + 1) + (Cz + D)a?
623 +4x +1=(A+C)a® + (B+ D)a*+ Az + B
A+ C=6
B+D=0
A=14
B=1

A=4
B=1
Cc=2
D=—-1

4dz 2z —1 1
° / / i dr = 4In|z| — = +In|2? + 1| — arctanz 4 C
x4 +1 x

16.82

/ dx -
x3—a2x

dla

dzx 1
“ - / x3 212 +
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dla

a#0
rozklad na utamki proste:

3 —a’x oz 2% —a?
1= A(x* —a®) + (Bx + O)x
1= (A+B)z* 4+ Cx — d*A

A+B=0
C -
—a?A =1
A=—1
B=
C -
1 1

—— —-T 1 1 2 2
..:/ x“ +/x2a_a2:—ﬁln\m|+ﬁln]x —a’|+C
16.83

/ dx B
B2+

rozklad na utamki proste:

1 A Bx+C

v+t ;+£L'2+.CE+1
1=A@*+2+1)+ (Bx +O)x
1=(A+B)2? + (A+C)x+ A

A+B=0
A+C=0
A=1
A=1
B=-1

/dx P hwm+/””x LA ek P
a x2+:1c+1 i) a

1 2 1
:1n|x|—2ln|m2—|—x+1|—\/garctan< :E\/—g >+C’

16.84

/ dx _
A4 a24+1
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rozklad na utamki proste:
1 _ Ar+ B Cx+D
r+a2+1 22—x+1 24+z+1
1= (Az+ B)(@* +z +1)(Cz+ D)(2* —z + 1)
1=(A+C)2*+(A+B—-C+ D) 2>+ (A+B+C—D)x+ (B+D)

A+C=0
A+B-C+D=0
A+B+C-D=0
B+D=0
— 1
=73
B=}
c=1
D=}
:/ —%374-7% dx / %$+% —/_i(x2_x+l)/+}ldx+/i<x2+x+1)/+idax_
“ 2?2 —z+1 24+x+1 22 —x+1 24+x+1
1 i 1 1
:—71n|x2—x+1|+/ 4 +71n|:1:2—|—:z‘+1|—|—/ 4 dzx =
4 (r =52+ (9?2 4 (x4 52+ ()2
1. |22 4+2+1 1 2r — 1 1 2x + 1
= —In + arctan< )—i— arctan( >+C
4 |z2—z+1| 23 V3 2V/3 V3
16.85

/5x3+3x2—|—12x—12
dr = ...

% — 16

rozklad na utamki proste:
523 + 322 + 122 — 12 A B Cx+D

z% — 16 Ex—2+w+2+m2+4
523 + 322 + 122 — 12 = A(x + 2)(2* + 4) + B(z — 2)(2* +4) + (Cx + D)(2* — 4)
523 + 322 + 122 — 12= (A + B+ O)z® + (2A — 2B + D)a? + (4A + 4B — 4C)z + (8A — 8B — 4D)
A+B+C=5
2A-2B+D =3
4A+4B —4C =12
8A -8B —4D = —12

A=2

B=2

Cc=1

D=3
2dx 2dx z+3
m—2+/x+2+/x2—|—4 v

1 3
:2ln]a:—2\+21n|:c+2]+§ln|x2+4\+§arc‘cang+0
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16.86

/ 1522 + 662 + 21
X
(x — 1)(22 + 42 + 29)

rozklad na utamki proste:
1522 + 66z +21 A N Bx+C
(x —1)(x2+42x+29) -1 22+4x+29
1522 + 66z + 21 = A(2? + 42+ 29) + (Bz + C)(z — 1)
1522 + 662 + 21 = (A+ B)z? + (4A — B+ C)x + (294 — C)

A+B=15
4A - B+ C =66
204 - C =21
A=3
B=12
C =66
3dx 122 4 66 2 +4ZL‘+29) + 42
= D = 3Infr -1 / dr =
/x—1+/m2+4x+29 nlz -1+ +2)2 + 52 &z
42 2
—31n]3:—1\—|—61n]x +6x+29\+5arctan< —5i_ )—i—C
16.87
/4w3+9x2+4x—|—1 /(w4+3x3+3$2+$)’—2$
XL = d:]j:
24+ 323 + 322 + o 24+ 323 + 322 +
:ln‘$4+31’3+3$2+x|—/%dx:ln]x4+3x3+3a:2+x—/2dx =
z(x+1)° (z+1)3

1
=Injz* + 323 + 322 + 2| + ——— + C

(z+1)?

16.88
/ dz _

w3z —1)2(z+1)
rozklad na utamki proste:

1 _ é-i— B +£ n D n E n F

»x—-12%xz+1) = -1 (x—-1)2 z+1
1=A2%(x —1)*(x+1) + Ba(z — 1)}z +1) + C(z — 1)*(z + 1)+

1)
+Dx3(x — 1)(x +1) + B2’ (x 4+ 1) + Fa(z — 1)?
1=(A+D+F)2’+ (—A+B+FE—-2F)2* + (—A—B+C—-D+E+ F)2®+
+(A-B-C)2*+(B-C)z+C
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A+D+F=0
—-A+B+FE—-2F=0
—-A-B+C—-D+E+F=0
A-B-C=0
B-C=0
C =
A=2
B=1
C=1
D=-1I
E=1
F=-1
[ [ [ —de+/ pda +/—idx_
N x x? x3 x—1 (x —1)2 r+1
=2In| \———L—zln] —1]—#—7111] +1|+C
o 2,2 417 2r—1) 4 F
16.89
/ dz _/ dx _(4)2/ dx
2 2 —\3 2~
e e e o Ty
2] +1
2
;= 2o+l
3
(%7;) + 1] @dt =dx

korzystajac z wyliczonej calki w zadaniu (16.69) :

_ 8 <1arctant+t+0) = —arctant—i—L +C =
o3V \2 22 +1) 33 3V3E+1)
2 + 1 2r+1
= ——arct C
3\/§arc an( V3 ) + 32+ +1) +
Wzor rekurencyjny:
1 T 2n — 3 dx
I, = ‘ Ty 1, gdzie T, = | ————
m—2 (@24 L)1 ' g g b 8YHC /(332+1)"
16.90
/ 322 — 17z + 21
———dr = ...
(x —2)3
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[(x —2)3) =3(z —2)* = 32% — 120 + 12

_/ (322 — 122 + 12) — 5w+9d —ln|(z -2 H‘/ dx:
(x —2)3
dx dx 1
= — 2| = a5 | 7 =31 2
3infz —2| 5/(x2)2 /(w2) Sluje =2+ —2+2(:E—2)2+C
16.91
R

/ dx _/ dx _ 1 / dx = dt—fdm =
@t ar+88 ) [@r22+ 2P (22 (ﬂ2+@3 2t = du

_i/ at__ _
32 (#2413

korzystajac z wzoru rekurencyjnego pod zadaniem (16.89):

=51 / @)
32 t2+1 1 t2+1

&[4 5 e 500
32 [4(24+1)2 0 4\2 t2+1 2/ 22+1)]

{ t + 31 + §arctan t} +C =
T4 +1)? 8 +1) 8 B

i T+ 2 L3 3 T+ 2 3 arctan<x+2>+0
16 (22 +4x+8)%2 128 x2+4x+8 256 2

16.92

/x3—2x2+7x+4
T =...

(o= 17+ 1
rozklad na utamki proste:

23— 222 +Tx + 4 A B C D

12 +1? o-1 (@12 241 @+ip
x3—2x2+7x+45A(m—1)(x+1)2+B(a:+1)2+C(:c—1)2(3:+1)+D(a:—1)2

2?22 4+ Tx+4=(A+C)2*+(A+B—-C+D)a’+(—A+2B—C —2D)x + (—A+ B+ C+ D)
A+C=1

A+B—-C+D=-2

—A+2B-C—-2D=7

~A+B+C+D=4

A=

—dzx %dx 2dx —%d:r:
..=/ +/ 4 +/ —
x—1 (x —1)2 rx+1 (x +1)2
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3
+2njz+1]+———+4C

—In|z -1+ 3z +1)

5
2(x—1)

16.93

/ de / dx _
vi464 ) (22 —4x+8)(22 +4x+8)
rozklad na utamki proste:

1 Az + B Cx+D
(2 —4x +8)(22+ 42 +8) 22 —4x+8 x2+4r+8
1= (Az 4 B)(2® + 4z + 8) + (Cx + D)(2® — 4z + 8)
1=(A+C)2®+ (4A+ B —4C + D)2 + (8A + 4B + 8C — 4D)x + (8B + 8D)
A+C=0
4A+B—-4C+D =0
8A+ 4B +8C —4D =0
8B+8D =1

1 1
_/ 517+ 16 / 617 T 16 _
22 —4x +8 22+ 4z +8
:/ (e’ — 4 +8) + 5 /1%8(x2+4x+8),+312:
(x —2)2+22 (x4 2)2 + 22

1 -2 1 2
:——ln|x —4x+8|+arctan<$>+ln|x +4x+8|+4arctan( T >+C

128 4 2 128 2
16.94
/5x3—11$2+5x+4d _/ 5(a® —3a? + 30 —1) +42® —10z+9
(z—1)* B (z—1)* B
4(z* =22 +1)— 2245
pu— d pu—
z_1 / (z — 1) v
—1)
=5In|z — 1\+/ dac—i—/ $_14 dx =
5In|z — 1 +/ d —l—/ 5 dx
= n|\xr— — XL — =
r—1 (m—1)3 (x —1)4
4 1 1
=5Injz — 1] — - C
nle—1l x—1+(a:—1)2 (3:—1)3+
16.95

/ dx _/ dx B
2 +6x2+25 ) (22 —2x+5)(22+22+5)
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rozklad na utamki proste:

1 Az +B Cx+ D
(22 =2z +5) (a2 +22+5) a2—20+5 2242545
1= (Az + B)(2® + 22+ 5) + (Cx + D)(2* — 22 +5)
1=(A+C)2®+ (244 B —2C + D)2 + (54 + 2B + 5C — 2D)x + (5B + 5D)
A+C=0
244+ B-20+D=0
5A+2B+5C —2D =0

5B +5D =1
- _1
- 20
=1
10
1
C:%
D=21

1 1 1 1
_:/_Tox+ﬁ+/ 20710 _
2?2 —2x+5 22 +22+5
:/—410(932—23:—}—5)’—#210 /410(302—|—2x+5)’+210:
(x—1)+22 (x 4+ 1)%2+22

1 1 1 1 1
= —4—01n|:172 — 2z + 5| +4—0arctan <172> —1—4—01n|:172+2:r—|—5\ +4—0arctan (i) +C

16.96

dx

924 — 323 — 2322 + 302 — 1
/ (x — D)*(x+3)
rozklad na utamki proste:
924 — 323 — 2322 + 302 — 1 A B C D E
@—1Di@+3) SRR R S R

9zt —32% — 232 + 302 —1=A(x — 1)} +3) + Bz — 1)} (x +3) + C(z — 1)(x + 3)+

+D(z +3) + E(x — 1)*

9zt — 32% — 232 + 302 — 1 = (A+ E)2* + (B —4E)23 + (—6A+ B + C + 6E)z*+
+(8A—5B+2C+ D —4E)r + (-3A+3B —-3C +3D + E)

A+E=9

B—4F = -3

~6A+B+C+6E=-23

8A —5B+2C + D — 4F = 30

—3A+3B-3C+3D+E=-1

o QW
Il
N ow N ot N
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..:/mi1d$+/(fv_51)2dx+/(56_21)3d:c+/@_31)4dx+/$2+3:
5

1 1
=7l 1] - — — 21 3|+ C
nle -1l r—1 (z-1)2 (m—1)3+ nle+3]+

16.97

/x3—2x2—|—5x—8d /x3—2$2+5$—8d /x(w2+4)—2(x2+4)+xd
— = xr =
x* + 822 4+ 16 (22 +4)? (22 +4)2
x dz x 1 x 1
= —2 = -In|2®+4| —arctan (= | - ———— + C
/:c2+4 /x2+22+/(a:2+4)2 2 nfa” +4f —arc an<2) 2(:c2+4)Jr

t=a2+4

x 1
Tt = 2wda| = __ -t
/ e Clldt a:dz: = / st O

16.98

/ 3r2 4+ 2 —2
de = ...
(z—1)3(z2 +1)

rozklad na utamki proste:
372+ 1 -2 A B C Dz + E
1P+ o-1 @=12 @-1p  2+1
322 42 —2=Ax —1)*(2®* + 1)+ Bz — 1)(2®* +1) + C(2® + 1) + (Dz + E)(z — 1)3
32242 —-2=(A+ D)z + (-244+ B—-3D+ E)2*> + (2A— B+ C + 3D — 3E)x?
+(—2A+B—-D+3E)z+(A—B+C—E)
A+D=0
—24+B—-3D+E=0
2A—-B+C+3D—-3E=3
—2A+B-D+3E=1
A-—B+C—E=-2

_ 3

A=—3
_ 5
B=3
Cc=1
_ 3
D—é
F=_

—/ dm—{—/ dm+/ _13 —I-/ 2+1

31 o —1]— / (2?2 + 1) 1d

= n — — -—_— =

g MY 2(9; ) 2(ac 1) 2+1
3 ) 1 3

=—Zlnjz—1| - - Zln|2?® + 1] — arct C
5 nlr—1| 1) 2($_1)2+4 n|z° + 1| — arctan x +
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17 Calki funkcji niewymiernych.

17.1 § Calki funkcji zawierajacych pierwiastki z wyrazenia liniowego.

17.6
1 1
/\/ﬁda:_ 1dt2gc+1 /\fdt g% C=§(2x—|—1)%+c
17.7
=3+4z
x| =3+4x|  [gt, 1 1
/m— 2tdt = Adw _/Tdt—§t+0—§M+C
itdt = dx
17.8
t=<3x—4
< £’ =3z -4 t? 1, 2
/m_ 32t — 3dz| — | TH=50 O = (33;— 4)i 10
t2dt = dx
17.9
t=32z+1
dx =922 4+1 %t“dt 5., 5
/W_ 5¢ddt = 2dx —/ 3 _Zt +C = 1 J(2r+1)2+C
Stidt = du
17.10
t=r—14
B =xr—4
3 _ — — 3 . 2 _ 6 3 _
/x\/:ﬁd:c 3t2dt = dx /(t +4)t- 3t7dt /(St + 12t°)dt
x=1t"+4

3
:%t7+3t4+C:%t4(t3—|—7)—|—0:?\3/33—4(:1:—4)(1'—4—1—7)—1—0:

:7( 4)(x+3)Vz —4 +C—7(x —z—12)vVr —4+C
17.11
t=+/3r—1
P =su-1 341 1
/x\3/3x—1dx: 3t2dt = 3dx :/ -t-tzdt:f/(tﬁjtt?’)dt:
23, 3 3
t°dt = dx
— 41
3
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1 - 1 4 1 7 1 4
= T4 —t =_—(Bz -1 —((B3z—1
21 -1—12 +C 21(395 )3 + 2(356 )3 4+ C
17.12
=2+ 3z
t?=2+3x 29 o 5
/1:\/2—{—3xda:: 2tdt = 3dx :/ -t-—tdt:—/(t4—2t2)dt:
2 3 3 9
2tdt = du
-2
- 3
=—t° - — = (2 —(2
45t 2775 +C 45( +3z)2 — 27( +3z)z +C
17.13
=415z
t2=1-b5x 21 5 5
/w\/1—5xd:p: 2dt = —5da :/ " (_5t) g — %/(#_t?)dt:
—2tdt = da -
_ t2-1
- =5
2 2 2 5 2 5
= P -B+C= 1-52)2 — —(1-52)2 +C
250 75t TOT (Lo 5e)r —gp(l=ba)r 4
17.14
— (17.10)
17.15
xdx u=z dv=2x+3)" 1dz 2 3 / 8
_— = x(2x 4+ 3)1 — (22 + 3)4dr =
/\4/290—1-3 du=de v=2(2z+3)i — 3" 3
2 4
:§m(2x+3)3—i(2x+3)i+c
17.16
t={x+2
t=z+2
3 3 2 7 4
/37: r=15—2 :/(t—2)tdt:/(t—4t +4t)dt =
Ve 2 g = 324t
2 = (18 — 2)2

1, 4 1
zéts——t5+2t2+C:§(x+2)%— (z+2)8 +2(x+2)5 +C

5

(S

17.17
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t=+3r+1
/x+1d$_/ z?d +/ de | =3z+1 |
Var+1 . ) VBrri V3r+1 x:i;l -
dx = 5tdt
3

2
2 (t2 -1 2,_ 2 2 2 2 - 4.5 20
= —_ —_ = — 2 —_— _— - —_—
/ ( ) dt + 3 7/ t dt+3t 135t 81t +27t+0

2 4
:ﬁ(&rﬂ)% 5(3x+1)% \/3x—|— 14+C
17.18
==z mdl‘ 2 5 2 5
V2 3dr = 2 3)1 — 2 3)idx =
/x oot Sde = ‘d —dr v=2(20+3) = 53 - /5(3”+ )}
2 4
:5:U(2x+3)%—45(2$+3)% +C
17.19
t=+vz+a
2 _
/dw:t_gﬁa =/ ——2/ L W O o
TVT +a r=1t"—a —t2 Va |ya—t
dx = 2tdt
:iln va-vita —|—C=Lln vrta-ya +C
va |Va+z+a va  |Vr+a+a
d 1
/71’:—111 ot +C gdzie a > 0 A |z| # a
a’>—12  2a
17.20
t=+vz—a
dz t?=x—a 2 2 t
/m_ s 4a —/Mdt—\/aarctan<\f)+0 arctan +C
dx = 2tdt
17.21
t:\/.% 2
2t
/\/51: =z /t Tdi = /2dt+/ dt—2t—2/1 5=
T |de = 2tdt - -
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1+t 1+ vz —1
=2t—1In =2r —1 =2 1
t ’1_‘+C Vo —In \/5+C \/:E+n\/5+1+c
17.22
t=+vzr+1
vetl, o |P=z41 _/ 202
x R P N N I
dr = 2tdt

korzystajac z calki obliczonej w przyktadzie (17.21) ostatecznie otrzymujemy:

Nz |
.=2vVx+1+1n \/;—Fl +C
17.23
Leva, | YR ras - t2+t =D
1 dx—t—x—ilt t=—2 t=—2 -1 dt =
—Ve 2tdt = dx N N

——2/tdt—2/2(t_1)+ 2/2dt—4/
t—1 t—1

=—t? 4t —4dlnft—1|+C = -z -4z —4ln|yz - 1|+ C

17.24
t=+v1-=z
/ dx | P=1-a _/ —2t dt—/ 2dt
z+)I-x |t+1l==z J (-2+2)t J2-2
—2tdt = dx
V2+t 1 T—2—
:—2/ -l +C0=-"F=ln|Y———"Z|+C
—t2 V2 V2 -t V2 VI g2
17.25
=2t dv=+/t+1dt
/\/1+ Vads = tQ—x :2/t\/t+1dt:du_2d ', +1
odt = dx =24t v=3(t+1):
4 3 4 3 4 3 8 5
tt+1)2 —= [(t+1)2dt = —t(t+1)2 — —(t+1)2 +C =
— 5t + i -5 [+ Dide—gue+ i - S DiaC
3 8 5
\f(\FJrl)Q *5(\f+ 1)2 +
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17.26

t6 =z

— 6
yrdr |1V _/ 617
$+W 6t5:d.’E t6

2 _
dt:G/(t 1)t(7ir+11)+1dt:

dt
:6/(t—1)dt+6/t+—1:3t2—6t+61n|t+1y+C:3€/;E—6\6/:E+61n|\6/§+1|+0

17.27
— 6
t(jﬁ 6t°dt 61> 3t(2t +1) — 3t
i TR TR R
VE+2V2 a5 _ g 3+ 2t 2 + 1 2 + 1
2t—|—1—|— dt
= [ 3tdt 2 /ft
/ +/ 2t+1 +2 2t—|—1
3, 3. 3
=St -t 2+ 1 +C =3 \F f+ 1n]2f+1y+0
17.28
dx 1 1 3 3
== —H5—Vz-—Tdz==|(z-5)2—(x—7)2|+C
/\/:1;—5—1—\/33—7 2/(\/$ Ve =T) 3[(33 )2 — (@ )2}+
17.29
=vzr+9
dzx t2=x2+9 2dt 3+t
R e By e e L =
xv/r+9 t“—9==x 32—t2
2tdt = dx
1 ve+9-3
Ly t— +C’—71 r+9-3
3 t+3 vz+9 +3
17.30
2 3
9 3 U=z dv = /7 —2xdx
\/7_2d — =
/x T du = 22dx v:—%(7—2x)%
4
_ 3,2 2(7 — 2x)§+3/ (7T—22)sde=| “ 7 d”:(z_%)"’dﬁ —
8 4 du=dr v=—15(7-2x)3
:—gx2(7—2x)% —:690(7—2x)g+§6/(7 22)3 dx =
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2
:—%2(7—29;)%—5%90(7— x)%—T;OU—Q ke
17.31
t=+v/x+1
2 _ 3
/ du _ig:p%ii_i/ﬁﬁﬁ _G/t%t_6/%ﬂ—t+na+1y—%ﬁ_
Vi+l+Vr+1 | 6 B+ )t t+1 -
tP=x+1
6t°dt = dx

dt
:6/(t2—t+1)dt—6/t+—1:2t3—3t2+6t—6ln|t+1\+0:

=2Vr+1-3Vz+1+6vVz+1—-6In|vVr+1+1]+C

17.32
_ —1
t=1/2=2
-1 d =1 2tdt 2t 2 2
T — x T— — - T —
) = 1_z=2 | = =-+C=2 C
/ r—2 (z—1)2 B e / t3 / t2 i o1
g-l=-7
—2dt __ dx
B = @12
17.33
_ 1= 21—
' 17% "o lﬁ 2 2
2 _ z— 2 _
l+z = |gy=c+1 oy = dv (t2+1)2 —t2+1
—t*+1 _ 241 1
12141 —t24+1 Tz
4¢*
B+1)t-1)(t+1)
rozktad na utamki proste:
42 At+B  C D

B+t -1)t+1) Zrl T i-1 it

W= (At+B)(E -1+ CE++t+1)+DE — >+t —1)

4 =(A+C+D)t*+(B+C—-D)? +(-A+C+ D)t+(-B+C - D)
A+C+D=0

B+C—-D=4

~A+C+D=0

~B+C—-D=0
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A=0
B=2
c=1
D=-1
/ +/ /dt Darctant +In [t — 1| — In|t + 1] + C
= = Zarctan n — — 1n =
t—1 t+1
1-— 1 1—
= 2arctan < + In r_ —In < +C
1+x 1+x 1+x
17.34
t=vxr+1
/ (S =z+1 _/(t6—1)-6t5dt_ 6/t3(t6—1)dt_
Yerl-—vz+1 |t0—1=a| 22—t t—1 -
6t5dt = dx
2 3 6 6 3
=6 [P+ +E+ 2 Ht+Ddt =t -8 - TP Sty 0 =
/(+++++) 30 1 7 50t T
2 3 6 6 3
@D -S4+ -2+ 1) — (24 1) — 2(z+ 1) — S(x+1)5 +C
3 4 7 5 2
17.35
/\/ —Vr+1 t:{j/gE_/(t4—t3—|—1)~6t5dt_6/t9—t8+t5dt_
Yr—1 to=x| 2 -1 N 2 -1 -
pisemne dzielenie wielomianéw:
(9 — 8 + 1°) =)=ttt 23 2 2t -1
—t 4+ ¢
—t8 T 4 1D
tS_tﬁ
t7— 16 4 #°
—tT
—t6 + 265
6 — ¢
25 — 4
—2t5 + 213
—tt 4 2¢3
tt —t2
23 — 2
—2t3 4 2t
—t2 4+ 2t
2 -1
o2t — 1
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2t—1
—6/(t7 10445 ¢t 4283 — t2+2t—1+ 1>dt:

3g 67 6 065 o4 o3, a2 2 / dt
=28 — = - —6t+6In|t?+1 =
4t 775 +t 5t +3t" —2t°+6t° —6t+6In|t"+1]+6 T
6
34 8.1, S8 3x3—2\F+6f—6f+61nyf+1|+31n VT o
4 7 5" — ¥z

17.2 § Calki funkcji zawierajacych pierwiastek kwadratowy z tréjmianu kwa-

dratowego
17.51
4 1)
(8x + 3)dx :2/(x+3:1:+ e — A 135 £ 14+ C
Vaz? + 3z +1 2v4x? +3x + 1
f'@)
+C
57 = 1)
17.52
(10z + 15)dx / 18 (3622 + 108z + 77)’ ) N
= —V3622 4108z + 77+ C
V3622 + 108z + 77 2v/3622 + 108z + 77 18

17.53

= arcsin(z — 1)+ C

/%#ﬂ_fﬁ*_w

17.54

3
= arcsin (x—i— ) +C

/%Z/m

4
17.55
/\/fw _ éilt—:?)i:ix _ % \/% = éarcsin(t) +C = %arcsin(Sx) +C
17.56

= arcsin (H) +C
r

dx dzx
/m:/m

17.57
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(x + 3)dx —f( — 422)’ 3dx 1 3 )
= dx — = — /1 —422 4+ = arcsin(2z) + C
V1—d22 2v/1 — 422 V1= (2x)? 4 2 (22)
17.58
/ /—1—2$—3x) tdo B
\/1—256—3.’E2 2v1 — 2z — 322 V1—2z — 322

1 1
=—=vV1—-2x—32 V1 -2z — 322 —

3 2_3“5/\/%:_3 3[/\/

2)2
3

1 1 3z +1
- —gVIm 2 - i (2 40
3 3v3 2
17.59
t=2x 1 1
/\/1—4:r2dac: dt = 2dx| = /mdt 3 <Qarcsm —2t\/1—t2> +C =
Lit = dx
2

1 1
=1 arcsin(2x) — 2%V 1—422+C

2
/\/aQ—xzdx: %arcsin%—i—g\/az—xQ—i—C
a

17.60
6x +5 —3(6 +x — 2?)’ /
N m S =
—6(6 + 2 — 22) 2 — 1
= dx +/ :—6\/6+ﬂ:—x2—{—8arcsin< )—i—C’
/ 2v6 + x — z? \/g (x—1) 5
17.61
r—5 —5(5+ 4z — 22’ /
\/5+4x—x \/5+4x—x \/5+4x—x
—\/5+4x—az2—3/ —V5 44z — 22 — 3arcsin<x+2>+0
V32— (z—2)? 3
17.62
x+1 p —f(8+2x—x) / 2dx
—__dxr = —_— =
V84 2z — 2 V8 + 2x — 2 V8 4+ 2z — 2
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2d —1
:—\/8+2x—x2—|—/ - :—\/8+2x—$2+2arcsin(m)+0
V32— (z—1)? 3
17.63
9 -3 1
/\/Gx—xQd:E:/\/32—(x—3)2d95:§arcsin (1‘3) +§(x—3)\/6x—a:2+0
17.64
_ (2 _ 2y
2x — 3 dr — (3—2zx x)dx_/ Sdx _
V3 —2x — 2?2 V3 — 2z — 2?2 V3 —2x — 2?2
d 1
:—2\/3—2m—x2—/ bdz :—2\/3—2x—x2—5arcsin<x+)—i—C’
V22— (x4 1)? 2
17.65
d 3
/—x:1n|x+f—i—\/a:2+3x+2\+0
Va2 + 3z + 2 2
dx 1 2
/—:ln|x+§p+\/x +pr+q|+C
Va?+pr+q
17.66
/dx dizgg 1/dt mlt+2+/2+3—1|+C
= = XTr| = — = —_ =0 — =
Va2 — 2 [12 | 3¢ _ 4 2
4a* + 3z — 1 %dtzdaj 243t -1
zln\2x+z+\/4x2+3x—1|+0
17.67
dz 1
————=hnjz— -+ Val—z+m|+C
/\/x2—x+m | 2 |
17.68

/¢<x—j)x(x—3a> - | v e e a0l 40

17.69

(x+3)dx [ 3(z? +2z)

2dx
= +/ =va2+2zx+2njr+ 14+ Va2 +2z|+C
x2 + 22 2 + 2x Va2 + 2z | |

17.70
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(32 4 2)d %(x2—5x+19)’d N Bz
€T - & =
\/ac2—5x+1 vz? -5z +19 vz -5z +19

19 5
:3\/x2—5x+19+?ln|x—§+\/x2—5x+19|+C

17.71
§
_z+a o [a@doar) / _ 20
2 —ax vV —ax v —aa;

3
:\/:L’Q—a:v+§aln|:z:—g—{—\/xQ—cmH—C’

17.72
3x —2 4 (490 —4x 4+ 5) sdx
_ dx = —_— =
Vidx? —4x +5 V4 4x—|— Var? —4+5

3 1 1
:1\/4x2_4x+5_4/ 422 — 4x+5—11n]x—§+\/x2—x+%\+0

17.73
3x + 2 2(:6 — 4z +5) /
\/m Va2 —4dz+5 \/m

=3vVa?—4x+5+8njzr -2+ Va2 -4z +5/+C

17.74

3z —4 / %x—2 daz—/ (22 +4x—2 / %dx _
VA2? + 55— 8 [a? 4+ 32 — fa? + 3a — [a? 4 30 — 2
\/:E2+ x—2——ln|x+ +\/a:2+ :U—ZH—C’

17.75
5x + 2 2(22% + 8z — 1) / 8dx
S e S S _ —
V2x2 +8x—1 V2z?2 +8x—1 V2zr?2 +8x—1

d
:5,/2x2+8x_1_8/x
2 V2 \/x2+4x—%
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1
l‘+2+\/l’2+4l’—§

:g\/2w2+8x—1—4\@ln +C

17.76

1 1
/\/2x+x2d$:/\/(l‘+1)271dl‘:§($+1)\/l‘2+21}7§ln|$+1+\/$2+2$|+0

1 1
/\/xQ—i—kdx: 5x\/1‘2+k+§kln|x+\/w2+k|+C, gdzie 22 +k > 0

17.77
5z — 4 (395 —2r+1) Tdx B
V32 -2z +1 V322 = 2x + V32 —2r+1
5 V32— 2z +1

1 2 1
=§ 33:2—23:4-1—3\7/5111 $_3+m’+0

3
17.78
. r+1 1
/\/3—2x—x2d$:/1/22—(:U+1)2d:r:2arcsm( >+2(x+1)\/3—2x—x2+0
17.79

/\/x2—4dx: %x\/x2—4—21n|m+\/m2—4|+0

17.80

/ 3x2+10x+9dx:\/§/\/mdm:\/§/ ($+§)2+%:
3 ) 3 5
:g(x+3)\/m+§ln\x+3+\/m|+c

17.81

/\/mmc:/q/(x—gﬁ—idx:

1 3 1 3
:5(1’7*)\/56273$+27§IH|IE7§+\/$273$+2|+C
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17.82

x2—1

/x _ dx+/dw__ 1-a
V1—zx2 V1—2z2 V1—z2 V1—zx2

dx + arcsin(x) =

1
- / V1 —22dx 4 arcsin(x) = —3 arcsin(z) — fx\/ 1 — 22+ arcsin(x) + C =

1 1
= —ix\/ 1—a2+ 5 arcsin(z) + C

17.83

/ T 22+ 22+ 2 2¢ + 2
pr— :L‘_
VaZ+2x+2 Va2 4+ 2z +2 \/m2—|—2m+

2 2
—/\/x2+2x—|— d:r;—/ 2” + 20+ V(@ +1)2 4+ 1de —2vVa? 4+ 22 +2 =
V2422 +2

1 1
:§(x+1)\/x2+2x+2+§ln|x+1+\/a:2+2a:+2\—2\/x2+2x+2+():

1 1
:f(x—B)\/x2+2x+2+§ln|x+1+\/$2+2x+2\+C’

17.84

J\i

11—z 11—z 2 2
2t 2(t 1)—2
—do = t2+1:% 2tdt:(xd_ml)2—/()dt—/(+)2dt:

2
t+1 (7)2

:2/dt—2/(dt2:2arctan(t)—arctan(t)—t+C’:

2+1 t2+1) 2 +1
= arctan —Vz—224C
17.85
M—+1daj, a>1
Vaaz? + 2z + 1

metoda wspdtczynnikéw nieoznaczonych

2az? d
I:/M—ME(P:U+Q)\/CL:L‘2+2:U+1+K/ <

Vax? + 2z +1 Vax? + 2z +1
2ax% + 1 (P K
L—P,/a$2+2w+ + 1’+Q)(CLJZ’+ )+
Vax? +2z+1 Vax? +2z+1 Vax? +2z+1
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2002 +1=plax? + 22+ 1)+ (Px + Q)(ax + 1) + K
2Pa = 2a

3P+ Qa=0

P+Q+K=1

3 d
I:(m—§)\/ax2+2x+1+f/—x =
a aJ Var?+2zx+1

:(m—§)\/ax2+2x+l+ 3 / dz =
a av/a Vot + 2z + 1

d
:(m—ﬁ)\/ax2+2x—|—1+ 3 / *
a av/a \/(x—l—%)2+%

_ L
a2

1 2 1
t+ - +/22+ -z +-|+C
a a’  a

EN ey S
=(zx—= 2r+1+—=1
(x a) ar® + 2 + +a\/5n

17.86
2 2 1 -1
o ydrrl +3:E+1da:: 72(@" i )dx—l— Pr 1 dr =
VaZ+1 Va? 41 Va2 41
3?2+ 1Y dx
:2/\/3027—1—1dx+/72 d:v—/7=
VA1 Vi1
—azvVa?+1+Injz+ Va2 + 1| +3Val+1—Injz+ Va2 +1]+C =
=(x+3)Va2+1+C
17.87

222 — ax + a?

Va2 +a?
1

2(z? + a?) az + a* (2?2 +a?) +a
= [ — — 7(133:2/\/:024-&2(11:—&/2 dr =
Va? + a? V2 + a? Vi + a?

dz
—a2vVr2+ a2 +a?lnlr + Va2 + a2 —a\/$2+a2—a2/7:
| | Va? + a?
—avVa?+a?+a’ln|z+ Va2 +a? —aval+ a2 —a’lnjz + Va2 +a?|+C =
=(r—a)Va+a®+C

dr,a #0

17.88

B —r+1

—dx
vV +2zx+2
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metoda wspdtczynnikéw nieoznaczonych

3 1 d
$dxz(aavz—1—1);1:—1—0)\/9162—i—2ac—i—2+K/—aj

x2 4+ 22 + 2 22+ 21 + 2

3 _ 1 240 1 K
$E(2ax+bx)\/:c2+2x+2+(ax thrt )@t )—i—

x2 4+ 22 + 2 x2 421+ 2 22+ 21 + 2

2® — 2+ 1= (2az + bx)(2* + 22 + 2) + (a2® + bz +c)(x +1) + K
23—z +1=3az> + (5a + 2b)2* + (4a + 3b + )z + (2b + ¢ + K)
3a=1

5a+2b=0

4a+3b+c=~-1

2b+c+ K =1

Wl

a

=
ol

c
-3
K =3

3
> —z+1 1, 5 1
—dr = (=2 — -+ =)V +2x+ 2+
Va?+ 2z 42 (3 6 6)

5/ dx B
2) VaZyror+2

1 ) 1 5
:(*%2—*.’I,'—l-6)\/1‘2+21‘+2+§1H‘$+1—|—\/;L'2+2;L'—|-2‘—|-C

3 6

17.89
22+ —1

V2 42z —1

metoda wspélczynnikéw nieoznaczonych

34292 —1 d
e de(a:v2+bac+c)\/x2+2x—l+K/—x
vVr? 42z —1 V2 42z —1

3 4222 -1 24+ 1 K
z° 4+ 22° + E(2a$+b$)m+(ax +bx +c)(x + )+
V2 42z —1 V242 —1 V242 —1

23—z +1= 20z +bx)(2® + 22 — 1)+ (azx® +br +¢)(z + 1) + K
23 — x4+ 1=3az® + (5a + 20)2* 4+ (—2a +3b+ )z + (b + c + K)

dx

3a=1
5a + 2b =2
—2a+3b+c=1
—b+c+K=-1
=
=
o~

= -2

3 4 22 —1 1 1 7
v :(fx2+fx+6)\/x2+2x—1

dx
z —2/—:
Vaz+2x—1 3 6 Vaz+2x—1
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1 1 7
= (z2? + x—i—6)\/x2+2x—1—2ln|$+1+\/$2+2$—1|+0

3 6
17.90
x3dx
Va2 —4x +3
metoda wspdlczynnikéw nieoznaczonych
d
/x— = (ax2+bx+c)\/m2—4:v+3+K/—x
V2 —4z +3 V2 —A4z +3
3 R b -2 K
T (2az +b) 34 (ax +:B—|—c)(x )+
V2 -4z +3 Va2 -4z +3 Va2 —4x +3

32(2aw+b)(x2—4x+3) (ax2+bx+c)(a:—2)+K
3 = 3az® 4+ (—10a + 2b)2” + (6a — 6b + ¢)x + (3b — 2c + K)
3a=1

—10a+2b=0

6a—6b+c=0

3b—2c+ K =0

S e
I
Q0 ol o=

C

K:

1 d
/ = (22?4 :c+8 V12 — 4z +3 +11/ ’ -
Va? —4x + 3 3 Va2 —4x+3

1 )
:(71,'24—5334-8)\/.%2—4$—|—3—|-111H|.7}—2+\/332—433‘+3|—|—C

3

17.
79]3x3+2
Va2 +x+1

metoda wspotezynnikéw nieoznaczonych

2
32+ — LT dr= (et bt o)Vt + 1 +K/

dx

Vaz+z+1 m
323 + 2 (az® +bx +c)(z + 1) K
2 Tt = (Qar+b)Val o+ 1+ +
Vo rarl N BN |
1
3$3+25(2ax+b)((ll2+.’1}+1)+(ax2—|—b;1;—|—c)(x+§)+[{
3a=3
ga—|—2b:0
20+ 3b+1c=0
b+gc+ K =2
a=1
5
b:_Z
_ 1
€="8
_ 53
K=15
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A R N S +1+53/ d
Tt ="~ gz - Vel te — | ==
\/a:2—|—x+ 48 16 \/x2+x+

323 + 2
vt = (2% - x—f\/:ﬂ2+x—|— +— Infe +5 +\/:U2+:17—|— |+ C
Valtz+1

T x

17.92
2 2 4 3
9 5, [ *° (4T —27) _/—x +4x
Var —2?de = | ——dor = | —
/ac v Vix — 22 v Vix — 2

metoda wspdtczynnikéw nieoznaczonych

—xt + 4a3 (az® + ba? + +d)\/4—2+K/ dx
= " =(ax x® + cx T —z _—

VAaz — x? VAazr — x?

4
—zt + 423 (az® +b2? + cx +d)(2 — z) K
R — 3ax? + 2bx + ¢)Vdx — 2% + +
Vazr — x? = VAaz — x? VAz — x?
—at 423 = Bax® + 2bx + )2 —2) + (ax + b2? fex +d)(2—x) + K
—4a = —1

14a — 3b =14

106 —2¢c=0

6c—d=0

2d+ K =0

1

=1

_ 1

6
_ 5
6

=-5

K =10

—zt + 423 1 5 1, dx

— = (2" — =z —fx—i—d \/490—3624-10/ =

Vdz — z? (4 6 iz — 22

1, 1, 5 d
=(-z° - =z —733—5\/41‘—;82—1-10/ =

(37 =57 —" 9 V22T (z - 2)2

1 1 —2
= (23 — Z2? —73:—5 )V :L‘—x2+10arcsm( 5 )—i—C’

4 6
17.93
/ \/ﬁd 6+.%'—IB2) /—5133+.T2+6$d
X r — Ireaxr = —F—— QX
\/6—1-90—3;2 V6 4z — 22

metoda wspdlczynnikéw nieoznaczonych

—23 4+ 22 + 62 dzx
—dzr = (ax +bx+cx/6+x—x2+K/7
\/6+:13—a:2 ( V6 + 1z — x?

—a3 + 2% + 62 ar? +bx +c)(3 — ) K
— = (2ax+b)V6+ax—a?+ 2 +
V6 +z — a2 ( ) V6 + 1z — x? V6 +z — a?
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1
—x3—|—:1:2+6:135(2a$+b)(6+x—x2)—|—(afv2—|—b$—|—c)(§—x)—i—K

—3a = -1
2a—2b=1
12a+%b—c:6
6b+ 3¢+ K =0

_1
a=3
b=—1
17
c=—%
_ 25
K =15
—3 + 2% + 62 1 1 dx
———  _“dr= (2t =z \/6—1— —x2+f
V64 z — a2 (3 12 N
1 1 17
1, \@:ip+f/ _
3 12 \/ 512 )2
(2)
1 1 17 25 2¢ — 1
= (§x2—1—2 —8)\/6+$—x2+marcsin( a:5 ) +C
17.94
/ Vb2 +4
metoda Wspélczynnik()w nieoznaczonych
dx
- (3 2
:ax+Wx+wx+dVMﬂ+4+K/L————
/ \/5:r2 ( ) Vb2
b d) -5 K
A = (3az® 4 2bx + c) V522 + 4 + (az? + b” + o +d)- 4
5x2 + 4 512 + 4 5x? + 4
2t = (3az? + 2bx + ¢)(5x? + 4) + 5x(az® 4+ ba? + cx +d) + K
200 =1
156 =0
124+ 10c =0
8b+5d=0
4dc+ K =0
=1
=20
b=0
3
€= "%0
d=0
6
K=
/ dx ( 1 522 - + dx
v 795 x el
Vhx2 +4 20 1/5x2
1
= (=2 — —2)Vba2 + 4
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1 3 6v5 4
= ( m3—50m)\/5:ﬂ2+4+1\2£ln|x—|—\/x2+5|—|—0

20

17.95
23+ 522 —3x + 4

Vi 4z +1

metoda wspdtczynnikéw nieoznaczonych

23 4+ 522 —3x +4
dr = (az? +br+eo)Val+ax+1 +K/
Vﬂ?2+w+ ( Vx2+x+

3 1
5% — 3z 4 4 b 1 K
@’ + 2% — 3w + E(2ax+b)\/x2+x+1+(m thetole +2)+

dzx

V2t z+1 Viz+z+1 ViZ+r+1
1
2% 452 =3z + 4= 20z + 0)(2* + 2 +1) + (az® + br o)z + ) + K
3a=1
%a+2b:5
2a+%b+c:—3
b+ jc+ K4
_ 1
a=3
25
b:ﬁ
_ 163
C= "1
85
K =71
23+ 522 —3x 4+ 4 1 25 163 85 d
do = (32° + o - er—/i:
/ VaZ+z+1 3 2" ) 16) Vi2+z+1

1 25 163
:(fo—l——x——\/a:Q—i— +1 +—1n\x+ L V@il |+C

3 12

17.96
522 — 2z 4+ 10
——dx
322 —5r + 8
metoda wspdlczynnikéw nieoznaczonych
—2 1
5210 1 et e R
V322 — 5z +8 322 — bz + 8
522 — 22+ 10 (az +b)(3z — 3) K
ik N v .
V3?5218 322 — 51 + 8 322 — 5z + 8
5
522 — 2z + 10 = a(3z? —5m+8)+(az—|—b)(3m—§)—|—K
6a =5
D 43h=-
8a—7b+K— 10
_5
“=%
_ 17
b=13
55
K=%

matematyka.pl-::::

60 EEEEEENEEE :.::I


http://www.matematyka.pl/82336.htm

Autorzy: Szemek, mariuszm http://www.matematyka.pl/82336.htm

= T4 —ox = | =

m 6" " 12 8 3x2 —bx+8
5 17\/2—
_(6 -1-12) 312 —5r + 8 f/ o, §

3 3
55v/3 5 5 8

= \/32—5 —1 Va2 — Sz + |+ C

6 T + 8+ —etye 3x+3|+

17.97

23+ 422 — 62+ 3
V5 + 62 — 22

metoda wspdtczynnikéw nieoznaczonych

4 —
7+ Ao 6$+3dx_(aac + bz + ¢)V5 + 6z — a2

dzx

+K/dx
V5 + 6x — 2

\/5+6x—x
34 422 — b K
x° +4z° —6xr+3 — (2az + b)v/5 + 63— 22 + (az? +bx + ¢)(3 — )+
V5 + 6z — 22 Vb5 + 6x — 22 V5 + 6x — 22
23 4 42? — 624+ 3= 20z +b)(5+ 62 —2°) + (ax® +br +c)(3—2) + K
—3a=1
15a —2b=4
10a +9b—c= —6
50 +3c+ K =3
1
a:—g
9
b:—§
_ 21
6
K =139
3+ 42% —6x+3 1 9 227 d
v vt de = (—=2* -~z \/5—1-63;—3324-139/ < =
Vb5 + 62 — 22 3 2" V5 + 62 — 22
1 22
( 2 x73)2
Lo 9,221 ~3
=(—za®— = \/5+6x—x2+139arcsm( )—i—C
( 3 2 V14
17.98
(8 +x — 2?) —2% + 2% + 8z
V84 —12dr= | ———dr = | —dx
[ Ny Ny
metoda wspoélczynnikéw nieoznaczonych
—a3 + 2% + 82 dx
———  _“dzr = (az? +bxr+0) \/8+x—$2+K/
V8+x — 22 ( V8 +x — a?
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—23 4 2 b - K
AT BT sy G e

V8 +x — x? V8 +x — a? V8+x — a?
1

—w3+ﬂ+8xz(Mx+mw+x—x%+am?+m+mx§—xy+K

—3a = -1

S5a—2b=

16a+%b—c:8
8b+5c+ K =0

1
a=3

1
b=—1
_ 67
€=—91
K =33

16

3, .2

—x° +x° + 8w 1, 1 67 33 dx
——dx = (s \/8+x—x2+ / =
V8 -+ —a? (3 [ 16 \/V 2 (z—

1 1 67 33 2z —1
= (32° — == —M)\/m—{—warcsin(x >+C

37 12 /33
17.99
2z — 5)(2 — 22 —223 4+ 1122 — 11z — 1
/(2x—5)\/2+3x—x2dac: (2z=5)(2+ 3z m)dac: vl < Odac
V2 + 3z — 22 V2 4+ 3x — 22

metoda wspdtczynnikéw nieoznaczonych

—22% + 1122 — 11z — 10
vl ° dz = (az® 4 bz + ¢) \/2+3:1:—x2+K/

V2 4+ 3x — 22 \/2+3:1:—at
—22% 4+ 1122 — 112 — 10 b S K
x° + 11z x — (2az +b) /72—1—33:—952—%(&30 + bz +c)(3 CL‘)+
V2 43z — 22 V24 3x — 22 V2 4+ 3z — 22
3
—2903—1—11352—113:—105(2ax+b)(2+3az—x2)+(ax2+bw+c)(§—m)—i—K
—3a = —
g —2p=11
4a+%b—c— 11
2b+3c+ K =10
_ 2
a=3
b=-3
1
C=%
_ 17
K=-7
—223 + 1122 — 112 — 10 2 1 17 d
v < dr = (2% — 3z + )\/2+3:E—:L‘2—— ’
V2+3x — 22 3 6 \/2+3x—x2
2 1
:(fx2—3:c+f)\/2+33:—:c2——/ =
3 6
%@ =
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2 1 1 22 —
= (S2® =3z 4+ -)V2+ 31 — a2 — {arcsin (H) +C

3 6 V17
17.100
/ x3dx
V2x2 4+ 3
metoda wspotczynnikdéw nieoznaczonych
r3dx 9 dz
—— = (ax‘+br+c \/23:2—1—3—1—[(/7
/\/2a:2+3 ( ) V2x2 4+ 3
3 (az? +bx +c) - 2z K
— = (2az + b)V222 + 3+ +
Vg et Norr 2753
= (2ax + b)(2x2 +3)+ 2:13(@332 +br+c)+ K
6a=1
4b=0
6a+2¢c=0
3b+K =0
1
a=7%
b=0
—_1
2
K=0

r3dx 1, 1 3

17.101

rodx
| s
metoda wspdtczynnikéw nieoznaczonych
— (4 3 2 dx
= (az” + bx” + cx +d:U+e)\/2:L‘2+3+K/\/m
72;:2 = = (4az® + 3bx? + 2cx + d)\/m + (a0 + ba” +2C;:22j__3d$ te) 2 + 2§+ 3
2® = (4ax® + 3ba? + 2cx + d) (227 + 3) + 2x(az* + ba® +ca® +dr+e) + K
10a =1
8b=10
12a +6¢ =10
9+4d=0
3d+ K =0

/ xodx
V2x2 4+ 3
5
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1, 3
= (g VT +34C
17.102

/\/3+2x+a:2

metoda Wspélczynnikc’)w nieoznaczonych

d
/ E(ax3+bx2+cx+d)\/3+2:c—|—x2+K/—x
\/3—|—2x+x V3 + 2x + 22

:I:— (3ax +26$+C 34242 + OLLL’ —i—bx +C$+d)(aj—|—1)+ K

t = (3a:c2—|—2bx+c)(:c2+2:c—i—3)—i—(ax?’—i—b:cQ—i—ca:—i—d)(:z—l—l)—i—K
4a =1

Ta+3b=0

9a+5b+2c=0

60+ 3c+d=0

3c+d+ K =0

=

a
b
c
d
K=_7

I
S\ﬂ

oot Wl

[\

/ ridr _(1 3 7 +1 +5) CRG Y 7 dz
—_— = (-2°—-—x T T+ a2 — =
V3 +2x + 22 4 12 3 2 \/3—|—2x—|—m2

1 7 1 ) 7
= (23— —2? 4+ -z + \/3+2x+x2—5ln]x+1+\/3+2x+3:2|+6'

4 12 3 2)

17.103
1
b=~ dt
dx 1 —dt dt
/x\/lox—x2_ C:?lt ! /10 . 10_1_/\/1015—1_
= t 2

/10 =T \/1075— +O———\/;—1+C
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V10x — 22 = xt
10z — 22 = 2242
10 — 2 = xt?
z+zt? =10

dx z(1+t?) =10 1+t2 142 —20t
/ o=/
x 10

—_— = . dt =
V10x — 22 106 (14 2)2

de = ———_dt
T Ay

10¢

\/1033—562:1+t2
1 1 110z — 22

S an om0

17.104

Vaz—1=(x+ 1)t
2?2 —1=(z+1)%2
r—1=(z+1)
r—1=axt?+1
r—at? =1+t
r(1—1) =1+1¢

2
/ dz oo Lt /1—t2 R Y
pry _2 fry . . fry
(z+1)Va2 — 1 1-15 2 2t (1—2)2
de = —=dt
z (1_,5222

r+1=

L4
2 —-1=

Vi —12?2=(x+2)t
4 — 22 = (v +2)%2
2 —x=(x+2)t?
2 —x =at?+ 22
T+ at? =2 212
(1412 =2 —2t2

2
/ da At _/1+t2 L+ -8t
@t2Va_2 2+l 7)1 T et
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1 1 1 V4 — a2
= [dt=—t+C=—=- """ 4 C
2/ 2 + 2 24z +
17.106
Vil+r—1=t—z
2 4x—1=1>— 2z + 2
r—1=1t>—2tx
Ar +x =1t>+1
r(2t+1)=t2+1
241
xTr =
/ dx B of - (2 21t+12t2 . _/2t—|—1 2t +1 2(t2~|—t—1)dt_
eVl +r—1  |de= al +2tl_1)2( + )dt_ t2+1 t24t—-1 (264 1) a
242t -2
(2t +1)2
241
m:t_2t+1
N Pt
o2t +1
dt
:2/m:2arctant—l—02
=2arctan (z + Va2 +x — 1)+ C
17.107
Vi —2r—1=t—x
22 =20 —1=1>—2tx + 2
—2r —1=12—2tx
t24+1=2tr — 2z
r(2t —2) =12 +1
241
xTr =
/ dx B 019 221&—222 ) _/2t—2 2t — 2 2(t2—2t—1)dt_
Ve S P 1 C et Rl Gl V1 Rl B e R T (2t — 2)2 B
2t — 2)2
22 — 4t — 2
de == —"dt
YT T2
241
VaZ— 2z —1=t—
o 22
t2—2t—1
Vil =2z —1=—"——~
o % — 2
dt
:2/m:2arctant+cz
=2arctan (z + Va2 -2z — 1)+ C
17.108
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Vi—1=t—=x
22— 1=12—2x+ 22
—1=1t%—-2tx
2r =12+ 1
P41
/ da B 22 _/ t 26 -1,
(20 —1)Va2—1 de = — o—dt T e2—t+1 2-1 22
5 ?+1
v —1=t—
2
5 ?—1
:L'— =
12 %tl
9p— 1= 'F
t
_/ dt _/ dt _
) e2—t+1 (t 1)2+3_
2 4
4/ dt 2 . <2t—1>+0
== | ————%— = ——arctan | ——— =
3 <2t—1)2 V3 V3
— ) +1
V3
2 2t +2vV12 —1—-1
—\/garctan<x+ j?: )—i—C’
17.109
V1+2r—3x2=xt+1
1422 —322 =222 4+ 22t + 1
2r — 312 = 222 + 2t
2 —3x =xt?+ 2t
2 — 2% = xt? + 3x
r(t?+3)=2-2t
29t
/ dz - R
+ V1 + 22 — 322 2(t2 — 2t — 3
(@+1) v do = 2220 3)
(t2 + 3)2
i t2—2t+5
':U = ——
t22+32t
14+ 22— 32% = 41
A 7 Mo
—(t? =2t -3
_/ £ +3 2 +3 242 -2 —3) 2/ a
) 2—2t+5 —(12—2t—-3) (124 3)2 B 2 -2t +5
dt 1 dt t—1
N e T\ o=
/(t—1)2+4 2/ (t—1)2 arcan( 2 >+
1+ ——
2
V1+2r—3122—2—1
:—arctan< ter L x +C
2x
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17.110

Va2 —4r+3=t—=x
22 —dx +3=1>—2tx + 2
—Adr+3=1>-2x
ox —dx =12 —3
r(2t —4)=t* -3
-3

/ dx B 2275 —4 B
(3 —2z)Va2 -4z +3 dp = 2 =4 +3)

(2t — 4)2
—2(t? — 3t + 3)
2t — 4

t2 -3
VzZ—4 —t—
T x+3 % 1
2
Vi —4x +3 =

3 —2x =

—4t+3
2t — 4
:/ 2t—4 -4 2f 4t+3)dt / .
—2(2—3t+3) 2—4t+3 (2t—4) 2 —3t+3

t— —

:_/;2_ 3/ 5 :—%arctan(%\/_gg)—i-C:
(-3 (R
4

2 V3
2 . 20 4+ 2vVaZ — 4z + 3 — 3 Lo
— ———=arctan
V3 V3
17.111
Vit +1l=uat+1
P 4r+1l=x2>+2t+1
22+ x = 222 + 2t
r+1=xt2+2t
r—xt? =9 —1
42y o
/ dw B z(1 t)Qt_Qi ! 1=t 11—t 28 —t+1)
eVl +a+1 T e CJ2t—1 2—t4+1 (1-—2)?
202 —t +1)
de="2—— 24t
N G P
2t — 1
\/1'2+$+1:17t2t+1
2 —t+1
\/x2+m+1:17;;
2/ 22 1—2—2
/7dt (2% —1|+C=n| Y F2T 72720
2t — 1 x
17.112
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V2 —1l=t—z
22 —1=1%— 2tz + 22
—1=1t%—2x

t2

/ dz B T = o _/ 2t 2t
ovr2 —1 2 T e2r1 21 22

2t
= 2arctant + C = 2arctan (z + Va2 — 1) + C

17.113

Va2 — 22 = (a —z)t
a? — 2% = (a — x)t?
a+z=(a—2)t?
a+x = at® — xt?
r+at? =at®> —a

-1 2dt
dt_/t2+1_

2 2
/ dz —|2(1+t}) =at’> —a :/1+t J1ttt dat dt =
(a —z)

2 2

- at* —a 2a

a

17.114

Viz—6z+1=t—z
22 —6x+1=1t>—2tx+ 2
—6x+1=1t>—2tz
2t — 6z =12 — 1
(2t —6) =12 -1
-1
T a6
/ dz _ dx:wdt
(x —2) Va2 — 6z +1 (2t = 6)

N 2t—6
t“—1
V2 —6z+1=1t—

2t — 6
Vi —6zx+1=

2 —6t+1
2t — 6

2at

:2/

(141¢2)2

2t — 6 2t — 6 2 —6t+1

24t +11 2 -6t+1 (2t —6)>
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dt dt 2 dt
ot et
2 — 4t + 11 t—22+7 7 (t—2>
1+ (——
VT
2 t—2 2 r—24+V22—6z+1
= —arctan | — | + C = —= arctan +C
N e R T
17.115
Va4 —122=(x+2)t

4 — 22 = (v +2)%2
2 —x=(z+2)t?
2 — = xt? + 2t2
2 —2t2 = x + xt?

x2x/4 — x? 9 _ 2t2 (2 — 2t2)2 4t (1 + t2)2
T =

12
d b dt
r= ——=
(1412)2
VZ——
T e
1+ / L+ + (1=t
2] a—-e)27 " 4) Q-2+
1/ 1 1
= — = S E—— = e — C:
4(/u+w +/(L%)) 4(1—t LH)+
1 2t 1v4 — 2
—_ . +C:_,7x+c
4 1—1¢2 4 x
17.116
V10z — 2?2 = ot
102z — 2% = 2%t?
10 — x = xt?
10 = z + xt?
10 = z(1 + t2)
/ da B Lo 10 B 2/1+t2 1+t2 ot
(z — 1)2V/100 — 22 134 B — )2 10t 1+
dr = ——dt
(141¢2)2
9 — ¢
r—1=
Tl
V10x — 2 :1+t2

142
=92 T qt
/ (9 12)2

1+1¢2 B c D
o[ A g at at+ [ -Cart [~
/ﬁ — ) /3—t +/k3—w2 +/3+t +/k3+w2

—A+C=0
—3A+B-3C+D=—
9A+6B —9C —6D =0
27A + 9B + 27C + 9D = —2
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4
A:T'?
B=-3
_ 4
C=3
D=-2
S TR Rty et e
=57 ) 3741 9 3—t o7 3+t (3+1)2
4 3+t 5
= - C
27 ‘ —t 9 3—t+9 3—75+
_ 4 ‘3+t t
27 9 9—t2
B 1\/10.’15'*562 1 4x+5+3\/10x7x2
T 9 -1 27 x—1
17.117
Vei+l=uzxt+1
224+ 1=a2t2 4+ 22t + 1
22 = 222 + 2xt
x=axt?+ 2t
x—xt? =92t
(1 —1%) =2t
2
/ dz B $:j _/(1—t2)3 1 —¢2 2(1+t2)dt_
BVEZ+ 1 20 —12)+2t-2t | 813 1412 (1—1¢2)2
dx = dt
(1—12)2
2(1 + %)
de = ——=dt
T a—ee
2
it =1"p
14142
x2+ :11_752
1 [ (1—1t?)? 1 dt dt
= [ dt== tdt —2 | — =) =
4/ 3 4</ /t +/t3>
1 [t 1 L= +1)
== 21n |t = —41Inlt —
4<2 nlil - >+C 8( 2 nlt] | +C
1 241 2411
=—— vt +In T +C
2 2 x
17.118
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V2x2 4+ 2x+1=at+1
202 +2x+ 1 =222+ 20t + 1
222 + 22 = 222 + 2t
2r + 2 = xt® + 2t
20 —xt? =2t — 2
r(2—12) =2t -2

2% — 2
r=-—->7
d 2 —t2 223 242 22 _4t4+4
/ i = 2(2 — t2) + 2t(2t — 2) :/< iy : + 2 g
23V212 + 22 + 1 dr = ? )2 dt (2t —2)3 t2—2t+2 (2—1t2)2
2% — 4t + 4
de =" —__—dt
T

V222 + 22 +1=uat+1

2t2 — 2t 4+ 2 — 2

V22 42 1=
x4+ 2x + 22—t2
te—2t+2
V22 +2 l=———
x4 + 22 + 52

2/(2—152 /2—t2
@t—2p  4) (-1

1 22 — 8t + 7
== tdt dt e |
4(/ w3 fas | 1P )
1
=3 (Jrares fars [ Za [ e [ o)
1(t 4 1 1
== 21 =
4<2+3t+ n|t — \+t_1 5 (t_1)2>+0
1 (V222 +2x+1 V2zZ + 22 +1 V22 +2x+1—2—1
=_— —3 —In +C
2 x2 x T
0
22 — 8L+ 7 A B C
= A= [ ——dt —— _dt —— _dt
/ =17 /t—l +/(t—1)2 +/(t—1)3 )
A=2
—2A+B=-8
A-B+C=7
A=2
B=—-4
C=1

2t2 — 8t + 7 2 —4 1
/ (t—1)3 dt:/Hdt+/(t—1)2dt+/(t—1)3dt)

17.119

/ dx _/ V3dz B
(z—1)3v3—222 J (z—1)3V9— 622
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V9 —6x2=xt+3
9 — 622 = 2%t2 + 62t + 9
—622 = 222 + 6xt
—6x = xt? + 6t
zt? + 6z = —6t
z(t? +6) = —6t
6t
246
—6(% + 6) + 122
(t2 +6)2
6t2 — 36 &
(% 16
—6t—t2—6
r—1=
t2 jEL 6
V9 — 622 = 716 t+3

2
1/9—6562:M

dt

dox =

6t — 36

dt

t2+6
_/ (t? +6)3
VA

(t2 +6)2

(t? 4 6)2

2+ 6
t2 4+ 6t + 6)3
:2/
(

(t +6)?

dt:2/
(t+3—

T3t2 18
(12 + 6)?
2 |
(t+3—

t2 4 6t + 6)3
D
+f

V3)3(t + 3+ \/3)3dt -

——dt+ [
t+3+3 (t+ 3+ /3)2

V3)3(t+ 3+ \/3)30“

A B C
/t+3x/§dt+/(t+3\/§)2dt+/(t+3x/§)3dt

F
dt+/—dt
(t+3++3)3

22 +6)2 = At +3—V3)2(t+3+V3)> +B(t+3—-V3)(t+3+V3)>3+C(t+3+V3)3

+D(t 43— V3)3(t + 3 + V3)?

:g\@
B=—-6+3
C =123 —18
D=-13
E=-6-3
F=-12y/3-18

7 1 1
—3\/§/Mdt+(—6+\/§)/W)Wdt+(12\/§—18)/( ;

+Et+3-V3)3(t+3+V3)+F(t+3—-V3)>

1

ot
t+3—/3)3

_g 3/t+31+fdt+(_6_@)/de(—m\/ﬁ—w)/mclt
6 \[)?,_\/§+(9_6\/§)M1—\/?:)2+(6+\/§)M+
HO+ OV e 3+f) +x7f1 m T
L R R e e R
17.120
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V1—dzx+22=at+1
1 —Adx + 2% =222 + 22t + 1
—dx + 2% = 222 + 2zt
—4 4z =t + 2
r—axt? =2t+4
r(l1—12) =2t +4
_2t+4

/ dl’ . xz 1—t2 o

2 /1 — 2 21 —t2) +2t(2t +4) |

22V1 —4dx +x d:c:( ) + 2t(2t + )dt
2t +4)2

22 1+ 8t + 2
do = 22 F8+ 2y

V1I—dz 422 =

_/(1—t2)2 11—t 224+ 8t+2
) (2t+4)2 2+4t+1 0 (2t +4)2

-5 [ o
(/dt 4/t+2 /tjt2)>

1 3
— (t—dmpt+2- 2 +cC
2( n |t + 2| " )—i—

+ 2
Vv1—-4 2 v1—-4 2492x—1
B T+ x L 92m x4+ x° + 2x

T x

+C

17.121
dx
_— 5 17.117
/ x3v1 + 22

17.122

/ dx _ \/g/ dx _
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VI—6x+322=xt+3
9—6x 4322 =222+ 62t + 9
—6x + 322 = 222 + 6t
—6 + 3z = xt® + 6t
3z —zt? =6t + 6
z(3—1%) =6t +6
_6t+6
_23—152
de — 6(3 —t )+2t(6t+6)dt
(3 —t2)?
6t2 + 12t + 18

R P

\/9—6a:+3:c2:6 +6-t—i—3

312
3t +6t+9
\/9—6$+3$2:W
[ B=t)! 3% G +120418 /
1296t+1 3246t +9 (3 12)2 ~ 648 1+t

—16t3 — 36t2 + 28

2

4t —1 =
~ 648 </( 44t —1)dt - / (t+1)4 dt)

1663 — 36¢2 + 28 = —16(t + 1) + 12(t + 1)2 F24(t+1) 4 8‘

dt
atea | —/ 12/ v et s a9 )
648( / 2dt+4 [tdt — [ e+ t+1 42 t+1 48 1+t S

1 (1, _, 1 )

L (. e ° —16Inft+1

648( 30T t+1 (t+1) 3 ROESE nft+1

1 \/m 5 m 1 \/m 2\/31 9—6x+322+2—3
= _—— _ — n

9 x3 54 22 54 x 81 x
17.123
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/ (x — 2)4/1 — 4z + 22

matematyka.pl-::::

75 EEEEEENEEE :.::I

o


http://www.matematyka.pl/82336.htm

Autorzy: Szemek, mariuszm http://www.matematyka.pl/82336.htm

Vi—dr+zx2=t—zx
1 —dx + 2% =2 — 2tz + 22
1 — 4z =t> —2tx
—1=2tzx — 4z
r(2t —4) =12~ 1
-1
C2t—4
C2t(2t—4) —2(t* - 1)
B 2t — 4)2
22 — 8t + 2
dxfwdt
t2—1—4t+8
—
2 — A4t 47

dit

rT—2=

dt

/ (2t — 4)* 2t —4 22 -8t +2
(2 4t+7) t2—4t+1 (2t —4)2

(2t — 4
gt
/ 4t—|—7

/2t— 4t+7)—3(2t— 4)
—4t+7)4
8(2t — 4) 24(2t — 4)

= o——dt — [ L dt

/(t2—4t+7)3 /(t2—4t+7)4
=— 1 + 5 +C
(=4t T2 (12— 4t +7)3

1 (222 - V1-— 2
:7'(33 8r+11)vV1 —4dx +=x e

27 (z —2)3

2 \/1—4x+x2+1 V1—dx + 2?
27 r —2 9 (x —2)3

dt

+C

18 Calki funkcji przestepnych.

18.1 § Calki funkcji trygonometrycznych.

18.30

1
/cos Sz cos Tedr = /cos 7z cos brdr = / 5[(:05(7%’ + 5z) 4 cos(7x — bx)|dr =

—/1( 120 + cos 22)dz = — sin 122 + ~ sin 22 + C
= 9 COS X COS 2x )ax = o Sin xr 4Sln xr

18.31

1 1
/sin 3x cos2zdr = /i[sin(3x + 22) + sin(3x — 2z)|dx = /i[sin Sz + sinz|dx =
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_ 5 L +C
= —1g C085% — 5 cosT

18.32

1 1
/cos 2z cos 3xdr = / 5[003(2% + 3z) 4 cos(2z — 3x)]dz = / i[COS 5z + cos(—x)|dz =

1 1 1
:/i[cos5x+cosx]dac = Esin5x+ §SiH$+C

18.33

1 1
/sinazcos 3xdr = / i[sin(x + 3z) + sin(z — 3x)]dz = /E[Sin 4z + sin(—2z)|dx =

1 1 1
= / §[sin4x — sin 2z]dz = ~3 cos4dx + 10082:16 +C

18.34

1
/cos 2z sin daxdr = /sin 4x cos 2xdr = / i[sin(élx + 2z) + sin(4x — 2x)|dz =

1 1 1
= / 5[smﬁgc + sin 2z]dx = 1z cos bz — 100821‘4— C

18.35
. . 1
/sm 2z sin brdr = / 5[005(23; — 5x) — cos(2x + bx)|dx =

1 1 1 1
= / 5[008(—31’) — cos Tx]dx = /5[608 3z — cos Tx]dx = 6 sin 3z — 1 sin7x + C

18.36

1 1
/cosxcos 3zdr = /i[cos(x + 3z) + cos(x — 3x)|dx = /i[cos 4z + cos(—2z)|dx =

1 1 1
:/Q[cosélm—i—cosQ:c]dm = gsinélx—i— Zsin2x+C

18.37

1 1
/sin 3rsinxdr = / 5[008(35[) — ) —cos(3x + z)|dx = / §[cos 2x — cosdx]dx =

1 1
= 1sin2m— gsin4a:+C

18.38

1 1
/sin Sx sin 2xdx = / §[cos(5x — 2z) — cos(bx + 2x)]|dx = / §[cos 3x — cos Tx|dx =

1 1
= ésian—ﬂsin7x+C
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18.39

t =coszx

.. 3 . . 2 . _
/Sm xdxf/(l cos” x) sin xdx dt — — sin zda

:/(t2 —1)dt =

1 1
:§t3—t+C:§cos3x—cosx+C

18.40

1 3 1 3 3
/sin4xdac = —Zsingxcosx+1/sin2xd:r: —Zsing’xcosx— gsinxcosx—i-gx—i-C

s N

Wzor redukeyjny

1 _ n—1 _
/sm” zdr = ——sin" tzcosz + —— [ sin" ? zdx
n n

18.41

_ T
u=45+x

4 Y ey _
/cos :rd:c—/sm (2+x)dx— du = da

= / sin udu =

1 3 3 . 3
= ——3gin ucosu—gsmucosu—kgu—i-C:

1 3 3
:—zsin3(g+m)cos(g+x)—gsin(g—kx)cos(g+$)+§(g+x)+02

3

si cosx + —sinz cosx + 3 +C
= —sinxcosz + —sinzx T+ -z
4 8 8

18.42

t =sinx
dt = coszdzx

/COS5 xdx = /(1 —sin? z)? cos xdx =

= /(1 —t?)%dt = /(t4 —2t* + 1)dt =

1 2 1 2
:7t5—7t3+t—|—C’:fsin5m—§sin3x—|—sinx+c

5 3 5
18.43
t =cosx
/sm wdx—/(l cos” x)* sin zdx df — — sin wda /(1 t*)2dt
4 2 ls, 23 1 5 2 3

:—/(t —2t ~|—1)dt:—gt +§t —t—I—C:—gcos $+§COS x—cosx+C
18.44

t=t £ B2 +1) -t +1)+t
/tan5xdz: di ane :/7dt:/ E+D -4+ + dt =

g = do 2 +1 t2+1
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L2+ 1) 1 1 1
= [ 3dt - /tdt / dt="t"+ 2+ -Injt? + 1|+ C =
/ * t2+1 U LI R
fitan x+§tan x—i—fln]tan x4+ 1+ C =
1 1
zztan x+§tan x —In|cosx| + C
18.45
t = cot tt -1 +1)+1
/cot4:vd:c: dtcox :—/72 dt:/( )5 D+ dt =
—=x 241 241
dt 1
:—/(t2—1)dt—/m:_§t3+t_arctaﬂ(t)+cz

1
=-3 cot® x + cot x — arctan(cot ) + C' =
1 4 T
=-3 cot® x + cot x — arctan(tan(§ —z))+C =

1
:—gcot3x—|—c0tx+m+0

18.46
t = cot £ B2+ -2+ )+ (P +1) -1
/ctngdx: dtcox :—/72 dt:—/ (t+1) (2+ )+ +1) dt =
_t2+1 =7 t +1 t +1
dt 1 1
_ 4 2 _ 5 3 _
1 1
=z cot® z + 3 cot® x — cot z 4 arctan(cot z) + C' =
1 5 1 us
=z cot’ x + 3 cot® x — cotx + arctan(tan(§ —xz))+C =
1 1
:—gcot5x+§cot3x—cotx—x+0
18.47
t=coszx
.3 4 I . 4 _ —
/sm Z COS xda:f/smx(l cos” x) cos” xdx d — — sin pdx

1. 1 1 1
= —/(1—t2)t4dt:/(t6—t4)dt: -t C= —cos7a:—gcos5x+c

7 ) 7
18.48
t=cosz
.7 6 Y 23 6 _ _
/sm x oS a:dx-/sma:(l cos” x)” cos’ xdx df — — sin rda
=— /(1 —2)345dt = /(t12 —3t10 1 3t8 — tYat = Ly S L lg oo
13 11 3 7

9

3 11 1 1 7
— C
= cos " x COS " + —cos” x cos' x +
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18.49
.5 2 . . . 2 \2 2 . t=cosz .
/sm x oS xdx—/smaz(l cos“x)” cos” xdx = df — — sin da
212,2 6 4, 42 17,25 13
=~ [ -Pfdt =~ [ (¢ — 2t +£)dt = — 1T+ 28— 5t° + O =

1 2
= ——cos x + = cos®

1 3
- : :L'—§COS z+C

18.50

1 1-— 4 1 1
/sin2azcos2xdx:/zsin2 2xd$:/ﬂdaz —x — —sindx + C

8 8 32
18.51
/singa:cos?’ xdx = /sin3:ccos:c(1 —sin? z)dr = ilt:—szi)zx =
3 2 3_ 45 Ly 1l Looa L. 6
= [t1-t)dt= | (t°—t)dt=~-t"— " +C = —sin"z— —sin"z+C
4 6 4 6
18.52
/sin4xcos5 xdx = /51n4xcosx(1 — sin? z)%dx = Elt:—SI(]i):gdx =
4 )2d 4 6 48 Ly 27 1p
= [ 4 (=26 +1%)dt = o4° — 247+ 54"+ C =

1
*gsm .CL‘—?SIH7$+§SIH z+C

18.53

/cosa:dx t=sinx

sinx | dt = cosxdx

dt 1 1
—/ﬁ__ﬁ+c__7sin7x+c

18.54

) .
. sin“ x t=sinx
/smaztanxdaj:/idx

/ ¢ B /t2—1+1_
dt = cos zdzx 1—1¢2 1—¢2

CcosS T
dt 1 t+1 sinx +1
— [ dt ——=—t+ =1 C=—si —In|—|+C
/ +/1—t2 +2nt_1+ s1nx+2nsinx_1‘+
18.55
cos T _|t=sinz Y P S S Var
\/smia:d:E d — cos wde —/t sdt =3Vt+C =3Vsinz + C

18.56
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t=14+2cosx

sinxd:v ) 1 32 3.
—5dt =

18.57

sin 2zdx 2sin z cos z —(1 + cos? z)’
= ——————dr=-2V1+4cos?z+C
V14 cos?x V1+ cos?x V14 cos?z

18.58
sin 2x 2sin x cos (1 + sin? z)’ .9
e — :/7_2 dr =In|l+sin“z|+ C
1+ sin“x 1+ sin“x 1+ sin“x
18.59
2

sin 2zxdx [ 2sinzcos xdx _|t=sin"zw
V1 — sindx V1 — sintx
= arcsin(t) + C = arcsin(sin’® z) 4+ C

_/ at _
1— 2

dt = 2sin x cos zdx

18.60

3 . 9 .
Cos 1—s cos t=
/ 2xdx_/( 1n2x) o sinz _
dt = cos zdx

sin“ x sin“ x
1 +sin?x
/ /dt —f—t—l—C':———smx—{—C——d'—,i—&—C
sin x
18.61
.3 3
sin® x + cos®
/ — - + 5 dx:/(sin3:+cosaz)d:c:—cosx+sinx+0
sin“ x — Sin x cos * + Ccos* T
18.62
dz sin? z + cos® x dx cos? CcoS T 1 dzx
3. ————dr = — + ——dr=———5—+ 7 =
sin® x sin® x sinx sin® x 2sin“x 2 sinx
CosS T n 11 |t x|+c
= — —1In|tan —
2sin?z = 2 2
calki obliczone pomocniczo:
u=tanZ
dz 2 du x
/_7: 12d“ =dx :/—:1n|u|+C:1n|tan—|+C’
sin x - U 2
Th? = =sinx
cos? x Cos T U = COST dv = 8% dx
——dr = 3— coswdr = . 5“1175 =
sin® x sin® x du=—sinz v=—g5z>
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B Cos T

- 25111 T 2 sin x

/ cos T | t=sinxz | dt_ 1
sindz ~ |dt=cosz| J 3 9t2

18.63

[ S %
cosd x sin?(z +7Z dt =dx

:/7

korzystajac z rozwiazania w przykladzie (18.62) otrzymujemy:

cost 1 t cos(x + %) 1 (x+7%)
=——— 4 _In|tan-|+C=——"3—27_ 4+ “In|t 2 C =
2sin?t 2n| an2]—|— 281n2(a;+§)+2n‘ T [+
sinx 1 r
=——— 4+ —In|tan(= + — C
2cos? z + 2 n| an(2 + 4)| +
18.64
d 2 1
/ _/sm z + cos’ Ida::/ f +/C?s4xdx:—cotx—fcot3w+0
sin z sint x sin“ x sin*x 3
t2 t = cot 1
/Cosfdx:/coz do=|' M, —/tht:—fcot?’:L‘jLC
sin* x sin“ x t s 3
18.65
/ sin? z + cos? xd /sinzx +/ dzx sinz 3/ dx
— xTr = = — — - ———
cos® x cos® x cos® x cos3 x 3coslx 4. cosdzx
sin x 3sinz 3 r 7
= —In|tan(= + — C
4costx  8cos?x 8 n| an(2 + )|+
/ sin? z _|u=sinz dv = Csénf dx| sinz
cosPz | du=cosdr v= Toos " 4eostz 4 COS3
sin x t =coszx dt 1
/ _ == / C_ - +C
cosd x dt = —sinzx 5 44 4cos433
18.66
u:tan% 2du 9 6
/ dr 20 g :/ Tu? :/(u +0°
sinz | 440 (12%5)7 64u”
1“!‘7 = Ssinnx +u
_1/u12+6u10+15u + 20u® + 15u* + 6u? 1,
64 u’ N
20 15 6 1
64/<u + 6u’ +15u+—+f+ u7>du:
6, 3 1y 15 -|- 5 1 | 15 3 1 L C
— — — In|u| — — — =
384 128 128 128u2 128u4  384ub
1 + 3 + 15 tom + 5 In|t :c‘ 15 3 1
= — 4+ — — 4+ — — 4+ —Inltan =| — — —
384 128 2 128 16 2 128 tan? % 128 tant % 384 tan® %

82
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18.67

sin? x + cos® x
—_— = | ———————dx
sin? a: Cos T sin® z cos

t 1
/ (30236 dxr =1In|tanz| — icotQJ?—I-C’

/ 2 sin 2x

dx cos T
== . + - 3 dx =
sin x cos & sin® x

sin® x
t =2z dt
—= = =In tanf C=Inl|tanz| +C
/ %5111 23} dt dx sin t | | + | | +
cotx t = cot 1
/ L _—/tdt:——cot2x+0
sin® x —dt = Smgx 2
18.68
/ _/sm x + cos? xd:c:/smxda:—i—/ ‘ dx _
sin x cos3 sin x cos3 & cos3 x sin x cos x
tan:c dzx 1
—/ P /ﬁ:ftan2x+ln|tanxl+0
cos 5sin2z 2
dx t=2x dt
— = = =In tanf C=Inltanz|+C
/ %Sin2x %dt =dx smt ‘ | * | | *
t t=t 1
/ﬂd:c an:c :/tdt:ftan2x+0
cos2 x dt = c052 2
18.69
/ / sin? + cos? x
— == | —————— —dx =
sin xcos3 sin :Ucos3

SlIl I COS sin® x cos x

5

/sm x + cos? x /sin2x+0032x

sm x cos3

dr =

sin® x cos &

COS T

dzx
+ —3
sin® cos

/ sin cos3 x

sin z cos3 z

dzx
+ —3 + —=
sin® x cos x sin® x

sin? z + cos? x sin? x 4 cos? z

dr =

+/ cos:cdm:
sin®

sin cosac
/ s1n3x / dzx 49 / 49 / CoS T / (ioi T de —
cos sin x cos x sin x cos & sin® sin® z
sin z cosz cos x
= [t [ Gvesss +2 savte+ [ Gt =
cos sin x cos x sm a: sin® x
3ln|t C
2cos2 +3n|tanz| - sin2r 4sintz +
calki obliczone pomocniczo
sin t =cosx dt 1 1
/cos3xdx_ —dt = sin zdzx __/773_@ _2<:os2x+c
d d t=2 dt
/,7:17:/1_73:: 1 Tl = 1n|tanf|+C' In|tanz| + C
sin x cos 3sin2z  |gdt =dx sint
cosx t =sinx dt 1 1
/ sin® x T= dt = cosz t3 2t2 2sin? x +
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/cosxd | t=sinz| dt_
sin® x T \dt = cosz| 5
18.70
/ dx B

sin? x cos? z

/sm +cos :c

iy dr =
sin? x cos

/ / -
Cos4 sin? z cos?

sin? + cos? ;17 sin? + cos? z
= de + | —5—5—

(:os4 sin? z cos?

1

44

dr =

/ sin? / dx n / dx
costx cos2 cos? x

/ tan? a: / / dx
) cos?z cos? x sin? z
gtan z+3tanx —cotx + C

/ tan2 z t= tana:
———dxr =
cos? x dt =

cos2

18.71

sint x (1 — cos? z) sin? z

5,07 = 3, =
cos cos
/ cos3 x

/1—cosx /1—COS1‘
cos3 coS T

dx .
—/ 3 —2/ +sinx =
cos Ccos T

sin x 1 xr T
= —In|tan(=+ —)| — 2In| tan(=
2cos2z 2 n| an(2+4)| n| an(2+
sin x 3 x
In | tan(—=

~ 2coslz 2 2

-

1

4sint x

+C

1 1
:/tzdt:§t3+C:§tan3x+C

sin? z
dr =
CcOS T

—|—g)|+sinx+0

dx
/ —/ +/cosafdx =
CcoS T CcoS T

%)|+sinx+0=

w przykladzie wykorzystano rozwiazania calek z przykladéw (18.62), (18.63)

x
/ = = In|tan(=
Cos T sm T + 2

18.72

™
+Z)|+C

/ sin? xdx / (1-— cos? x) / cos?
cos T cos T

—/COS xdx—2/cosx+/ =
COS T

— 2cos? 1
x S®x + d

€Tr =

COS T

= /(1 — sin? ) cos xdx — 251nx+ln|tan(g + %)| =

matematyka.pl=::::_


http://www.matematyka.pl/82336.htm

Autorzy: Szemek, mariuszm http://www.matematyka.pl/82336.htm

1
= —sinz — gsin3x+1n|tan(g+g)|+0

t=sinx

— q] 2 =
/(1 sin® ) cos zdx dt = cos xdzx

:/(1—t2)dt:t—;t3+0:

1
=sinx — gsin?’a;—i—C

18.73

cos xdx — sin? x) 2 cos a: Ccos T Cos T .
= = dr — 2 ——dx + [ sinz coszdr =
sin® z sin® z sin® sin x

t=sinz dt 1,
= G _/——2/ /tdt ———21n|t|+§t+0—
1
= - —21n|smm|—|—fsm x+C
2sin“zx
18.74

sin? a:dac 1 — cos? :1: sin x sin x sin x t=coszx
S = 5, dr = 3 dr — 76dx = . =
cos® x cos cos® x cos® ¢ —dt = sin xdx

gL fE_ L 3o 1
t8 6 7t7T 55 ~ TcosTx  Heosdx

18.75
/COSQxda; /2008 a;—l 2/ dzx / dzx
. x — — =
cosd z cosd x COS T cosd x
3 xr sin x
= Znftan(E 4 Ty - BT
2 n| 8L11(2—'_4” 2cos? x

w przykladzie wykorzystano calki z przykladéw (18.71), (18.63)

18.76
u = tan
D) 2du 2du
/dl’: 2u _ :/ﬂzf T2 2du
5+4coszx %*Za . 1wl 5+5u’+4—4u? 9 + 42
Truz — CosT 1+u 1+u

Jrfod [t
9/ (4)2+1 | 3dt=du

2 dt 2 1 x
:§/t2+1:§arc‘can gtan§ +C

18.77
— tan 2
dx e 2 Ee 2du
1+sinz 152_6& TSy T ) w2
L =sinx 1+u?
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2 2
- C=-——"°"_ __4C
u—|—1+ tan%+1+

18.78

/ dx / T 1 In |t (x+7r)’+c
= = —Inltan(= + =
sinz + cos V2sin(z + ey V2 2 8

18.79

/ sin x cos rdx
sin? z + cost z
zakladajac, ze cosx # 0

Sme t =tan?z 1
— COS xT - + .
/ sm4x %dt Csolglsx dx 2 / 2 arctan(t) +C =
COs
=5 arctan(tan x)+C
18.80
t=tanx , i
3 +sin’zx tﬁ;l =dzx 3+ t;? dt % ++13
2coqu:—cos4xd$: Po_gin?r | ) 2 L i1 21t =
g (RN R (P )
g = cosTx

442 + 3 20262 +1) +1 1
= "Ctq= [ 2T g = [ 2dt 2t + — arctan(v/2t) + C =
2% 1 1 / 2% 1 1 / +/2t2+1 +\/§arcan(f)+

= 2tan x + arctan(v/2 tan :U) +C

dt u = /2t / 1
—— = qu _ arctan( ) + C = —= arctan(v/2t) + C
/2t2+1 Bt VYR ES V2
18.81
cosx +sinz t =sinx — cosz dt 1 1
/ (sinz — cos x)?2 T at = (cosx + sinz)dx / 2 t + sinx — cos & +
18.82
sin? x — cos® x —cos 2z cos 2x
/~4 4d$:/~2 2.2 ) 5 dr =~ T35 0T =
sin*x + cos* x (sin® z + cos? x)? — 2sin® x cos? x 1 — 5sin*2x
_|t=sin2z B 1/ dt _|u= st 1o du
%dt:cos2xda¢ 2 1—%1&2 N \fdu—dt V2, 1—u?
1 1+u 1|1+ 1 |VZ+sin2z
= =— In x| +C=— In - +C
2\f 2v/2 — Sl\n/i‘” 22 |2 —sin2x
18.83
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t =sin?x

%dt =gsinx cosx

sin x cos x 1 dt

S Ty =
1+4sintx

1+t 2

1 1
=- | —— = —arctan(t) + C = 3 arctan(

sin?z) + C

18.84
t=tanx
/ dx _ thgl =dz _ / tflﬁ _ / tglt—l _
102 2 .\2 t — qin?2 - t2 3 - 243)2
(sin®x + 3 cos? x) P sm2x (o + 225)2 §t2+1§2
2+l COS™ X
/ e+l /t2+3_2dt—/ dt 2/ dt
t2+3 (t2+3)2 7 t2+3 (t2+3)2_
Sl
T3 ﬁ+1 9 (§+1) \fdu_dt "3 w2+l 3v3) w+1)2
korzystajac z calki obliczonej w przykladzie (16.69) otrzymujemy:
1 1 U
.. = —arctan(u) — arctan(u) — —= - ———+C =
V3 ) 3V3 (W) 3v3 u?+1
2 ) <tana:> 1 ti;lgm LC
= ——arctan — .
3v3 V3 /) 3v3 i g
2 . <tana:> tan x L C
= ——arctan —
3v3 V3 3tan?z + 9
18.85
/ Sln2.fL'COSS.7J _/ 4Sln 2x dx:/l %sin22$1 - do —
sin®  + cos (sin x + cos? ) % Sjn4 2% 7 (1 + cos? 2x)? — g sin 2z
2
_ / 4 sin” 25[) _ / " cos? 2z / ) cos2 23: dx
1 —sin? 2z + sin? 233 . COSQ 57 COS% 57 T %tam2 2:3 1+ tan22 +3 L tan? 2z
| t=tan2x ldt _/ t2dt B
dt=22 | ) 1+ L+ 1 th+ 82 +8
82 +8= (2 +a)(t> +b)
th 482+ 8=t + (a+b)t? +ab
a+b=8
ab=28
a=4—22 v a=4+22
b=4+2V2 b=4-2/2
rozklad na utamki proste:
t2 _ At+B N Ct+D
(12 4+4—-2V2) (2 +4+2V2) 124+4-2V2 24+4+2V2
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t* = (At + B)(t* + 4

—2V2) 4 (Ct + D) (£ + 4 + 2V/2)

2= (A+ )3+ (B+ D)t + [(442V2)A+ (4 — 2V2)CJt + (4 + 2V2)B + (4 — 2v/2)D
A+C=0

B+D=1

(44+2V2)A+ (4 —2v/2)C =0

(44+2V2)B+(4—2V2)D =0

A=

B=1(1-v2)

C=0

D=1(1+V2)

_/ 11-v2) ” (1+f)

T 2422 t2+4+2\f
_;(1—\/5)/ dt 2(1+f)/ dt B
C4-22 ( 4_t2\/§)2+1 4+2v2 ( 4j2\/§)2+1_
_ “= 4—t2\/§ + v:\/4j2\/§ _

V4 —2v2du = dt \/ 4+ 2v2dv = dt

! L 30+vY)

)

%(1—\/5)
4—2V2

18.86

/

dx
sin? z + cost z

arctan R e

arctan (

/v+1

arctan v+ C =

arctan (

\/4+2

31+

\/4+2f
) PEERE)

V4 +2v2

tan 2x

V4 +2v2

tan 2x

/4 =22

IRE

korzystajac ze wzorow:

sind oz — cos(4x) — 4cos(2z) + 3 cost oz — cos(4x) + 4 cos(2z) + 3
8 8
otrzymujemy:
t=tan %
/ u =4z / du 2dt a_n ju e
L. = _— l _ g —_— t2 1 g W —
cos4x + 3 1du = dx cosu + 3 t}++11 ~ cosu 43
2dt
t2+1 dt / dt 1 ( t )
/2tg2-:_fl /t2+2 2 (V22 ﬁarcan NG +
1 ‘ (tan 2x> L
= —= arctan
V2 V2
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18.87
t=t
/ dx B dx B / dx o _arzf
1—sinfz ) (1—sin?z)(1+sin?z) J cos?z(l+sin?z) | ;2 7,
P = sinw
t2+1 1 dt
= [ ar = / Tdt+
/1+ £ 2t2 + 1 2 2/ 2241

t2+1

1 1
ft— arctan(v/2t) + C = = tanx +
2 2\@ (V1) 2 \/i

arctan(v/2zx) + C

dt u= /2t
/m: %:dt f/u2+1 arctan()—i—C

18.2 § Calki funkcji cyklometrycznych (kotowych).

18.91

/ 2 u = arcsin x dv = ﬁda:
V1— 22 du:\/ldf7 v—éarcsmm—l:c\/l 2|

1 1 1
= §aI'CSiI12£L' — 5.%\/1 — z2arcsinx — 5 j}% 5 /.CL‘diL‘ =
1

1 1
= 1 arcsin® z — §:U\/ 1 —x2arcsinz + Zx2 +C

arcsin xdx =

calki obliczone pomocniczo:

x2 x2 —1+1 dx
——dr = /\/1—:U2da:+/ =
/\/1—:z2 V1—2z2 V1—2z2

1 1
=-3 arcsin r — ix\/l —x2 +arcsinz + C = iarcsina: — §:U\/1 — 224+ C

arcsin x t = arcsin /tdt 1 . 9 L

it S = = —arcsin® x
Vi-a? |l =0 2

18.92
. d

arcsin x u=arcsinz dv = (lfmz)g _ rarcsinz B T de
V(1= $2 du = ﬁdfﬁ v= L V1— 22 1—a?
z arcsin x

_ 1 2
= m+2ln|1 x|+ C

t= arcsma:

/d‘T _ | dt = / —/ — tant 4+ C =
\/(1—:32)3 V1 9”2 1—sm t cos2t

sint =«
tan(arcsin ) + C = tan(arct T )y +cC *_.ic
= tan(arcsin z = tan(arctan ——— =
V1—a? V1 —z?
T
arcsin x = arctan
1 — 22

18.93
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x2 2+1-1 arctan x
/ ——arctan zdz = / ————arctanxdx = /arctana: — / ——dz =
14 22 x2+1 x2+1

1 1
= rarctanx — 51n|x2 +1] - §arctan2:c+0

calki obliczone pomocniczo:

u = arctanx dv =dx x
arctan xdx = da =garctanx — [ ——dzx
du = 557 v==x 22+ 1

1
= rarctanz — §1n|1:2+1] +C

t t = arct 1 1
/M Ve :/tdt:ft%C:farctan%vLC
2 +1 dt = 2+1 2 2
18.94

dx
/ (14 922)y/arctan 3z

t= arctan 3z
idt =

3

;/f 2/ito= M+c

1-|—9x2

18.95

dzx

/ dt 1 1
(1 + 422)(arctan 2z)?

t= arctan 2x
Fdt =

2 2t+ __2arctan2x+

1—&-4%2

18.96

/ (arctan x)2d t = arctanx
=

1 1
:/tht: By C= garctang’x—i-C

x4 1 | dt= 241 3
18.97
T t= arccosx dt 1 1
=— | ==-4+C=—7-—4+C
/ V1 — 22 arccos? —dt = 1 x2 / 2t arccos
18.98
/ d t = arcsinx /dt I+ C =1n| inz| +C
= =] —=In = In|arcsinz
V1—a22arcsing  |dt = \/% t
18.99
/xarctan ade | u= arctanw dv = grigyede | arctanz /
(1+22)? du=cf;  v= _2(9021+1) 2(22 +1) T3 (22 +1)2 1
arctan x n 1 ‘ n x L C
=—————+ —arctanz + ———
222 +1) 4 4(x? 4 1)
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18.100

u = arcsinz dv =

/ T arcsin zdx

_arcsinw / dzx B
V1= 22 1—a2

ERN d 1
(1 —22)2 du:\/li”7 V==
arcsin 14+ L C
= —1In
V1— 22 1—x
18.101
/ o wde — u=arcsinz dv=uwdr| 1 , . / T dr —
varcsinzdr =| o ld_xe v:%xg = g arcsing — o N T

1 1 2141 1 1
= 53:2 arcsin & — 3 Hdm = 53:2 arcsin x + 5/\/1 — x2dx — 7/

1 1 1 1
= 53:2 arcsin x + 1 arcsin x + va 1—x2— 3 arcsinz + C =

1 1 1
= 5(372 - i)arcsin:c + val -2+ C

V1 —1‘2

18.102

u = arctanx dv = (mg%l)zdx

/xarctan zdx B
@1 -

_ _dz _ 1
du = 2255 V= "am2o)

_ arctan:v / _
To22-1) 2 (x2 + 332 -1
arctanx 1

1 1
:_m—Zarctan:c—éln]x+1\+§ln]x—1]+0

/ dx
(22 4+1)(22 - 1)
rozklad na utamki proste:

1 Az + B C D
(22 +1)(22 - 1) = z2+1 +x+1+x—1
l=(Az+B)(a?-1)+Cz—1D(z>+ 1)+ D(x+1)(z® +1)
1=(A4+C+D)x>+(B—C+ D) +(-A+C+D)x+ (—A—-C+D)
A+C+D=0
B-C+D=0
~A+C+D=0
-B-C+D=1

1 1 1
:—aarctanx—Zln|x+1|+zln|x—1|+0
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18.103
2 u=arctanz dv=z’dz 1 4 1 x
x” arctan xdx = d 1.3 = Jxlarctanz — - | 5 ——dx =
du = QH V=3 3 3 ¢ +1
1 4 (2 +1) 1 4 15 1 9
== t S e S N A t — = -1 1|+ C
33: arctan x / xQ—i—l T 33: arctan 637 —|—6 n|z”+ 1| +
18.104
1 t=est 2t
/ arctan e2® d Int = %m /Zarctant u = arctant dv:m
—_— A = = _— = =
e%x(1+ew) gcglt:x t2(t2 + 1) du = t2+1 v= (—2arctant— %) dx
t :dI
2arctant arctant dt
= —2arctan®t — ~———— 2/7 2/7=
arctan . + 211 + t(t2+1)
9 2arctant
= —2arctan®t — ————— + arctan®t + 2 27:
t t(t?2+1)
2arctant t
:—arctath—arcan—i-Q/( )dt
t t2+1
2arctant
:—arctan2t—$+2ln|t|—ln|t2—|—1|+C:
— —arctan®e? — 2”2 arctane? +z —In|e® + 1| + C
18.105
/ arcsin xdx u = arcsinx dv = i—? arcsin x / dz
_— d = — =
2 du= 2 y=-1 v Vi
i 1 /1
_ _aresinz VI e
T x x

/<ﬁ__€_ __/dt__ it
V1 — 22 tdt:daj t/1— % t2—1

1 1
Inft+vt2—=1|+C=~In|-+4/—5 -1 +C
x x
18.106
—_ X
arcsin e* t=e arcsint u—arcsint dv = %
/7dx:1nt:x :/720115 du — =
et %_da: t u = 1 t2 vV=—3
arcsint dt arcsin t 1 F
g v T TR ’*

= —e Tarcsine” —Inje " + Ve 2 - 1|+ C

18.107
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3 u=arctanz dv=23dz 1y 1 xt
/m arctan zdr = d 1.4 = —z" arctanx — 7/7(1:3:
du = 55 v =3 4 4 ) 22 +1
1 1 212+ 1)+1
= 1354 arctan:z:—z/ (z a)jgx+1L )+ dr =
Lt arct Lol Lctana+ 0 1(4 1) arct (2> -3)+C
= —z arctanz — —x° 4+ —x — — arctan x = —(z" — 1)arctanx — —x(z° —
4 12 4 4 4 12
18.108
t=2x-3 1
/(2x+3) arccos(2x — 3)dxr = Yi=de |~ 5/(t+6) arccos tdt =
u = arccost dv = (t+6)dt 1, 1 [t2+12t
= = (-t"+ 3t)arccost + — | ——= =
du:—\/ldfj v:%t2+6t (4 ) 4] J1_¢2
1 1 ft2—1+1+4+12t
= (th + 3t) arccost + 1 \/%; =

1, 1 1 dt 3t
= (-t“+ 3t arccost—f/mmﬁ—kf/ +/ -
(G 30 1 i) vice S vice

1 1 1 1
= (ZtQ + 3t) arccost — 3 arcsint — gt\/ 1—t2+ ) arcsint —3v1 —t24+C =

1 1 1 1
= (1(233 —3)2 + 3(22 — 3)) arccos(2z — 3) — 3 arcsin(2z — 3) — §(2:c —3)y/1— (22 —3)%2+ 1 arcsin(2z — 3) — 3/
18.109
xarctan u =arctanz dv=—2=dzr dx
T Y dr = Lta? =+Vx?2 4+ larctanz — / —_— =
V1422 du:x‘jﬁl v=+vz2+1 22 1 1

= Va2 + larctanz —In|z + Va2 + 1|+ C

18.110

u = arcsinz dv =1 —z2dzx
duy = —2z v = %arcsin:v—l—%x\/l—xz

/ V1 —22arcsin xdx =
RV )

1 1 1 i 1
= iarcsin2x+im\/l—x2arcsinx—§ %—Q/xdx:
1

1 1 1
= 3 arcsin® z + §$\/ 1 — z2arcsinz — 1 arcsin® z — 1334 +C =

1 1 1
= 1 arcsin? z + 5.%\/ 1 —z2arcsinx — 11‘4 +C

18.111
/m(1+x2)arctanxd:p: “ arcdmanx v 1(x+1x2 Y=
du:wQ+1 V= 5T+ 3T
11 1 fat+2 11 1 2-1)(a?+1)+1+2
:(2x+4x4)arctanx—4/w:(2x+4x4)arctanx—/(m )(i;—_i—l)+ + iy -
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(1 +1 4) : 1/( 1 / /
= (=x+ -x%)arctanz — - [ (z° — dr =
2 4 4 4 x2+1 241
(1 . 1) arct Loty te - Laret Injz® + 1|+ C
= (=x+ -x%)arctanz — —z° + -~ — ~ arc anx—f nlz =
2 4 12 4 4 4
1 1 1 1 1
(4x4+2x—1)arctan$—ﬁx +4x 71n|x2—|—1|+C
18.112
2v/x
2 u = arcsin dv =dx 2
/ arcsin ﬁd:ﬁ \fl’“ = marcsin \F + Ve
1+=z du:—x(x+1)d$ V=2 $+1

2
= g arcsin 1 f + 2z — 2arctan(y/z) + C
x
NZ3 t? =2z

r+1 | 2tdt = dx

= 2y/z — 2arctan(y/z) + C

2 2+1-1
:2/7dt:2 A i — 9t~ 2arctant —
t2+1 t2+1

18.3 § Calki funkcji wykladniczych i logarytmicznych.

18.118

1
/ (%7 + Ver)dw = e+ 2V/eT + C

1
/e‘wdm = —e™ 4+ O, gdzie a # 0
a

18.119

/ex—exd |t=€e"+e"

dt .
et fe— | dt=(e* — e )dx —/?—lnfﬂ-l-C—ln(e +e ) +C

18.120
_ 2z
dr LT VoAt 1/ dt dt
/6295—1: Ztlnt:x :2/t(t—1):2 /t—l_/T -
szl'

1 1 1
:iln]t—ll—iln\t\—l—(}:§1n]ezx+1\—x+0

18.121

/ dx B / erdx t=¢e"
et +e | e2r 4 1| dt = e*dx

= arctan(e”) + C

/ t2dil = arctan(t) + C =
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18.122
Ve 2t 2(t2 — 1) + 2
/\/ef dx—tQ—e +1 —/t2 Td /(tQ)lert:
2tdt = e*dx B B

dt t—1
— — — 1 _ =
/2dt+2/ o 2t+/t—1 /t+1 2 + n’t+1‘+C

ver +1-—-1
:2\/er+1+ln’€ +C

Ver 141
1 1
I 3 3
22—-1 x2—-1 x+1
18.123

rT—1 1-2
/8 dJ::/e i dx—/dx— —x—2$+21n|ez—|—1|+C:
e’ +1 e’ +1

=2lnle*+1|—z+C

— €T
da t=e dt dt dt
/ =|Int==x :/ :/——/—zlnt—ln\t—i—ﬂz
1 | i+ 1) : t+1
i _

=z —Inle"+1|+C

18.124
= /3 + 2e*
/ dr | t?=2e"+3 _/2dt__2/ a
VBt2e | SE=er )23 TS (VBR -2
tdt = e*dx
_ b \f+t+C R V34 V3 + 2e*
V3 [V3—t V3 |[V3—3F2e
18.125
2 2
/ V14 etdr = l—i—e /\[dt gg =3 (e*+1)3+C
18.126
e® t=e"—1 dt 1 1
/(ex_1)2d“’ dt = e*dx /?“E+C__ew—1+c
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x x /
/ ¢ dm—/wdw—ln]em+5]+0
e’ +5

et +5
18.129
467 4 Ge 7 462 4 6 b=e? 42 46 42 46
— drx=| ————dr=|Int==2x :/7@5:/ dt = ...
9e® — 4e~7 9e2r — 4 it _ g t(9t? — 4) t(3t —2)(3t+2)

t

rozklad na utamki proste:

42 4+ 6 A B C
(3t — 2)(3t + 2) BT R Yo

4t 46 = A(9t% — 4) + Bt(3t +2) + Ct(3t — 2)

412 46 = (9A+ 3B + 30)t2 + (2B — 20)t + (—4A)
9A + 3B +3C =4

2B—-2C =0

—4A=6

3 rdt 35 [ dt 35 [ dt 3 35
_ - - PR —_— 7:—71 t 71 t2—4 -
5] T )3 s o) sz oIt ggnld |+C
3 35 )
= —— —_— CL’_4
2:c+361n|9e |+C

18.130

/ de nt— x| — / dt
et +eX |y __$ ) 2(t+1)
rozktad na utamki proste:

1 _4A B, C
2t4+1)  t 2 t+1
1= At(t+1)+ Bt +1) +Ct?

1=(A+C)*+(A+B)t+B

A+C=0

A+B=0

B=1

A=—1

B=1

C=1
—dt dt dt 1

=YY - St mt+14+C =
t+/t2+/t—|—1 nftf =7 +nft+ 1]+
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=—x—¢ “+Inle"+1/+C

ex
/ i de =Inle" +a|+C
e* +a

dla

e* t=¢e*+a dt 1 1
——dz = = [ — C =— C
e e L b e B e e
18.132

dt|

X
/ V3 —bem dt

/ - L Lo= (\[ )+ C
\/» m \/5 arcsin u = \/5 arcsin 3

18.133
t=c¢e"

/ dx Int / dt

—_— — nt=x | = _—

Ve 4 4er + 1 it _ gy t\/t2+4t+1
2L =

H~H—M—‘

\:\H:

d /u2\/ + 5 +1

d d
:_/—“:_/—“:_1nyu+2+ Wt du+1]+C =
u? +4u+1 (u+2)2-3

—Inje® +2+ Ve 2@ f4e T+ 1|4 C

18.134
=3 dv =e""d
/:L‘3e_$dx = Zu —x3:c2d:r UU_ _Z,x Tl= —ate " 43 / zle " dr =
2 —x —x
|u== dv=e"%dr| 3 _, 9 / z,  _|u==x dv=e"*dr|
Tldu=2zdr v=—e* |7 TF€ Sute 46 [ wede = du=dx v=—-e% |

=23 —32% " — 6ze C +6 / e dr = —2%e™® — 32%e % — 6re F —6e T+ C
18.135

dx t=Inx dt
/xlnx_dt:dgf _/t Injt|]+C=In|lnz|+C
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18.136

e D [ 22

=zln(z? +1) + /de - 2/ z2dj_ 7= xln(2? + 1) + 2z — 2arctan(z) + C

18.137

/(ln\w\)%lac = Zuzzln;r‘;idx ivzzxdx = z1n?|z| - 2/1n]:1:\ = Zu::lnd}x‘ ;lv::xdx =

= zln?|z| — 2z 1n |z| +2/d:r::cln2|x\ —2zxInjz|+2z+C

18.138
/ln(x+*/x2+1)dx: ZL _n(:zrl+\/:1: +1) v=de|_
U= v=ux
x
=zln(z+ V2 +1 —/7da::wlna:+\/x2+1 —Vr2r1+C
( ") T ( :
18.139
=1In|2+4+5 dv=d 5
/ln\2+5x|dx: “ n5|dz—i— 2l dv=da :xln\2—|—5xl—/ T iz =
du:m V=2 2+ bz
24+5x—2 d
:xln|2—|—5x\—/de:xln]2+5x|—/d$+2/ R
2+ 5z 2+ 5w

2 2
:xln|2+5x\—x+gln|2+5az|—|—C:(:U+5)ln|2+5x|—:n—|—0

18.140

/1;(1—}-611::1% - tdjinlf? - / 1 j_ttg = arctan(t) + C' = arctan(ln |z|) + C
18.141

/$721n|:1c|d33 _ Zu—:ln%x\ iv:—_%jz” _ _lnm|:E n %’; _ _lnidx| B % Lo
18.142

u=1Inlz| dv=(92?+ 24z +16)dz |
du=%  y=32%+122% + 16z

T

/(4 + 32)% In |z|dx = /(Qx2 + 24z + 16) In |z|dz =

= (323 + 1222 + 162) In |2| — /(3:[:2 + 127 + 16)dz =

= (32 4+ 1222 + 162) In |z| — 23 — 62% — 162 + C
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18.143
1 t=a%+43
3 2 _ 1 2 _ 2 _ _
/x In(z +3)dx—2/2x(a: +3—3)In(z” +3) df — 2wda
1 _Ju=Int dv=(t—3)dt|
_5/(“3)1“‘“_ du=9 y=312-3t |
1, 11 1, 1, 3
= —(t*—6t)Int — = —t—3)dt = —(t* — 6t)Int — —t -t =
4( 6t) In 5 (2 3) 4( 6t) In g +2+C
1 1 3
:1(x4—9)1n]a;2+3\—é(ﬂc2+3)2+§($2+3)+0
18.144
/:Camdx,a>1
u=x dv = a*dx xa® 1 xa® a®
= " =——— [|ddr=— — —— +C
du=dr v=q_ Ina lna/a de Ina 11(12a+
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